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SERRE’S TENSOR CONSTRUCTION AND MODULI OF ABELIAN SCHEMES 


ZAVOSH AMIR-KHOSRAVI 


Abstract. We construct polarizations for abelian schemes M 0x A arising from Serre’s tensor 
construction, and use them to relate moduli spaces of abelian schemes. Let (A, a, A) consist of 
an abelian scheme A over a base S, an action t by a positive involution ring R, and an R-linear 
polarization A. Let M be a projective finitely presented right R-module such that ALq is free over 
Rq. We prove that for any R -linear h : M —> M v , the tensor product h<8) A : M®rA —> M v ®hA v 
is a polarization if and only if h is a positive-definite R-hermitian form. We use this result to study 
the following moduli space Ad5 of abelian schemes. Let ( K , <f>) be a CM-type, L the reflex held, 
2g = [K : <Q], and n > 0 an integer. We define a moduli stack Ad^ over Spec On, whose objects 
consist of triples {A, i, A), with dims A = n and A principal, such that Lies (A) is annihilated by a 
certain ideal C Ok <8>Ol- Then Ad^ is a proper and smooth Deligne-Mumford stack of relative 
dimension zero over Spec Ol- Let Herm n (0x) denote the category of projective, finitely presented, 
positive-definite and non-degenerate Ox-hermitian modules of rank n. We define a tensor product 
stack Herm n (Ox) 0 Ad^, and show that it is isomorphic to Ad<| via Serre’s tensor construction. 


Introduction 

Let R be a ring, possibly non-commutative, and free of finite rank over %. Let (A, a) consist of 
an abelian scheme A over a base S, and an injective ring homomorphism l : R ^A Ends(A) giving 
an R-action on A. Take M to be a projective finitely presented right R-module. Serre’s tensor 
construction associates to this data a new abelian scheme M A over S, which is characterized 
by its functor of points Sch/s —> Ab, To M <S>r A(T) (Definition [T]). The map A ha M A is 
functorial in A and M, and preserves many desirable properties of A. This suggests the possibility 
of using it to relate families of abelian schemes. In order to do this, we first need to equip M A 
with extra structures, in particular a polarization. 

To obtain representable moduli spaces of abelian schemes, the objects parametrized are typically 
abelian schemes A with the choice of a polarization A. This is a map A : A -A A v , with A v the dual 
abelian scheme of A, such that for every geometric point s -A S, the induced morphism of abelian 
varieties A^ : Aj —> comes from an ample line bundle on ([HB §6], [6]). When parametrizing 

triples (A, t, A), A is often required to be compatible with the R-action t, in the following sense. 

Assume R is equipped with a positive involution r i-A r* (Definition 0]). Then the pair (A, a) 
has a dual (A v ,t v ), where A v is the dual abelian scheme of A, and A v (r) = i(r*) v , for r £ R. A 
polarization A : A —>• A v is said to be R-linear if A o l(t) = L v (r) o A. The objects of the moduli 
spaces we consider are triples (A, a, A) consisting of an abelian scheme A, an R-action a, and an 
R-linear polarization A. 

To work with well-behaved R-modules M, we assume M<q is free over Rq. In order to apply 
Serre’s construction A \-a M <S>r A to moduli spaces, we must systematically equip the abelian 
schemes M <8>r A with polarizations. Our first theorem shows that if A comes in a triple (A, a, A), 
it’s enough to equip M with a positive-definite R-hermitian structure, which we now define. 

The dual module M v = HoniR(M, R) has a natural right R-module structure, where r £ R acts 
on / £ M v by (/ • r)(m) = r*f(m). Then R-linear maps h : M -A M v may be identified with 
sesquilinear forms H : M x M —> R via = h{m){rn'). Such a map h is called hermitian 
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if H(m,m') = H(m',m)* , and non-degenerate if it’s an isomorphism. Since Mq ~ R^, we may 
identify h with an element of H n (R<Q), the set of n x n hermitian matrices with entries in Rq. Then 
Hn(R^) <8> R is a formally real Jordan algera (Definition [8]) over R. We say h is positive-definite if 
its image under H n (R,^) c H n {R q) (g> R is positive ( Definition fT5l). This notion does not depend 
on the choice of isomorphism Mq ~ R ^ (Lemma 1161) . 

Theorem A. Let h : M M v be R-linear. The map h <g) A : M <g>x A —> M v <Dr A v is a 
polarization on M <g)R A if and only if h is a positive definite R-valued hermitian form. 

The above is Theorem 1 171 in the main text. That the abelian scheme dual to M <g>i?A is M v <8>rA v 
is proved in Proposition [5l A special case of the above theorem is due to Serre [15j appx], where A 
is a particular elliptic curve in characteristic p. We also show that under some extra assumptions 
on A, if A is principal, then h <S> A is principal if and only if h is non-degenerate (Proposition 1181) . 
For instance, it’s enough to assume End 5 (A) is free over R. 

We then apply the above result to the following moduli problem. Let K be a CM-field of degree 
2 g over Q, a CM-type for I \, and n a positive integer. Let LcCbe the reflex held of ( K , <3>). To 
every locally noetherian scheme S over Spec Ol we associate the category of triples (A, i, A) 

consisting of an abelian scheme A of relative dimension ng over S, an injective Ok- action t, and 
an Ox-lmear principal polarization A. We also require that (A, i, A) satisfy the ideal condition 
J<j>Lies(A) = 0, where J<j> is the kernel of 

O k ® O l -» C w , (a <g> f3) i-a (0(a) • /%. 

</>G$ 

Morphisms of A4$(S) are O/^-linear isomorphisms of abelian schemes that preserve the 
tions (see Definition 1301) . 

The ideal condition is a refinement of the signature condition , which says for a £ 
characteristic polynomial of the induced action of if a) on Lies (A) should equal 

( 0 . 1 ) l\(T-fi(a)T€0 L [T], 

where the right hand side is a global section of Os[T] in the image of Ol[T] —> Os[T] induced 
by the structure morphism of S. The ideal condition implies (10.11) (see Corollary 1331) . If n = 1 or 
the base S has characteristic zero, the signature condition also implies the ideal condition. They 
both impose a strong rigidity that makes A1J generically a zero-dinrensional Deligne-Mumford 
stack. However in characteristic p > 0, for p ramified in L, the signature condition is insufficient to 
guarantee a well-behaved moduli space. The ideal condition on the other hand ensures that AJJ 
is proper and smooth of relative dimension zero over Speedy (Theorem 1351) . See §3.1 for a more 
thorough discussion of these conditions. 

We note that is the moduli stack of abelian schemes with CM by Ok of type d>. The stacks 
A4J are zero-dimensional versions of moduli spaces considered by S. Kudla and M. Rapoport ( [12] . 
ED, which are integral models of Shimura varieties of unitary type. 

Using Theorem A, we can apply Serre’s construction to the problem of constructing objects in 
A4J. Let Herm n (0x) denote the category of pairs (M, h) consisting of projective finitely presented 
Ox-modules M of rank n, equipped with a positive-definite non-degenerate Ox-hermitian structure 
h : M —)■ M v . Then for (M, h) £ Herm n (0x) and (A, i, A) £ we can construct the object 

(M, h) <g> (A, i, A) = (M <g>x A, t M <g> i, h <g> A) £ M%. 

To describe all objects in that can be constructed in this way we define a tensor product 
of categories, by explicitly supplying generators and relations (Definition I2T1) . We apply this con¬ 
struction to define a groupoid Herm n (0x) <DHermi(Ox) f° r each S. This is carried out in 


polariza- 
Ok, the 
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§2. We suggest that the reader skip details of the otherwise intuitive abstract constructions in §2, 
and consult the section as needed. Aside from the definitions the main result in §2 is Proposition 
[Ml which by a combinatorial argument gives a concise description of the morphisms in the tensor 
product groupoid. 

Serre’s construction then induces a functor 

£ s : Herrn n {0 K ) ®Hermi(0 K ) - A/ *$( 5 ') M%{S). 

For Eg to have any significance, Ad 1 (5) must be non-empty. If Ad$((C) / 0, then by replacing 
L by some finite extension, we can assume this is always the case. We can show A4^(C) is always 
non-empty, unless K/F is unramified at all finite primes (Theorem 1501) . If is non-empty 

and n is odd, then Ad^((C) is also non-empty (Proposition EH). In general, we assume Ad$((D) is 
non-empty. 

We show that the functor Eg is an equivalence of categories for S = Spec(fc), where k is an 
algebraically closed field of characteristic 0. This is done by reducing to an explicit construction 
over C (Proposition 1521) . We also show that for S connected and locally noetherian over a finite 
extension of L , each object (A, t, A) is etale locally on S in the image of some Y>u (Proposition l53l). 

The functor S i-A Herm n {Ox) ®Hermi(C>K) -^$(<5) defines a separated presheaf on the big etale 
site over Spec (Am Letting Herm u {Ok) <8> Ad^ denote the associated stack, Serre’s construction 
then induces a morphism 

E : Herm h (Ok) <8> -A AdJ. 

Theorem B. If Ad^(C) ^ 0, E is an isomorphism of stacks. 

The above is Theorem [56] in the article. The proof proceeds by first showing the functor Eg is 
fully faithful (Proposition 1361) . This is done by finding the general form of a morphism in Ad|,, and 
comparing that with the concise presentation of morphisms in the tensor product defined in § 2. 
Essential surjectivity of E is proved on the stalks of geometric points, first in characteristic zero by 
explicit construction, then extended to characteristic p by smoothness of Ad$ over Spec (Am 

The fact that Ad| —>• SpecOg is etale and proper is crucial (Theorem [35]) . When either n = 1 or 
K is quadratic imaginary, it is a theorem of B. Howard mm- The ideal condition J$Lieg(A) = 0 
allows us to generalize Howard’s proof to all CM fields I\. Thus for the purpose of obtaining a 
well-behaved moduli space, it is sufficient. On the other hand, if (A, t, A) is a CM abelian scheme 
of type (K. d>), it automatically satisfies the ideal condition. Furthermore, so does M ®o K A for all 
(. M,h ) E Herm n ((Am)- Thus for a statement like Theorem B to hold, the codomain of the map E 
must be a moduli space of objects satisfying the ideal condition. In that sense the ideal condition 
is also necessary. 

For a restatement of the content of Theorem B without the language of higher categories see 
Theorem E3 in the text. 

Acknowledgements. Much of the content in this article is part of the author’s thesis, written 
at the University of Toronto under the supervision of S. Kudla. I thank Professor Kudla for 
suggesting the problem and for subsequent encouragements. I thank Brian Conrad and Florian 
Herzig for looking over an early draft, and offering helpful comments and suggestions. 

I also thank Ben Howard, who read the first version carefully, spotting mistakes and suggesting 
improvements. In particular the ideal condition J<j>Lies(A) = 0 in the definition of AdJ was 
suggested by him. I express gratitude to the anonymous referee for patiently reading the article, 
uncovering many mistakes, and suggesting significant improvements and simplifications, especially 
in the proofs of the final sections. 


Introduction 


Contents 


0 


4 


SERRE’S TENSOR CONSTRUCTION AND MODULI OF ABELIAN SCHEMES 


Acknowledgements 

Notation 

1. Serre’s Construction 

1.1. Homomorphisms 

1.2. Lie algebra and Tate module. 

1.3. The dual abelian scheme 

1.4. Polarizations 

2. Tensor Product of Categories 

2.1. Definitions 

2.2. Tensor product over a 2-group 

3. Application to Moduli Spaces of Abelian Schemes. 

3.1. The moduli space AT| 

3.2. Serre construction of the morphisms 

3.3. Serre construction of A4$: the objects 

3.4. Stackification 

3.5. A simple example 
Final Remarks 
References 


m 


Notation 


We collect 
R : 

(R,*): 
M : 

M v : 


5 : 

A : 

A v : 

(A,t, A) 


v l v ) 


Hom s (A, 
Horn^A, 
(K, <f>) : 

L : 

Ok ■ 

O l : 

a : 

Ab : 

R-Mod : 
Mod-R : 
Sch/^ : 


here some of the notations and conventions used throughout. 

A ring, possibly non-commutative, free of finite rank over 7L. In partic¬ 
ular, of characteristic zero. 

R equipped with a positive involution r Hr* (Definition 0]) 

A projective finitely presented right R-module 

The dual R-module Honr#(M, R). A left R-module, where r £ R acts 
on / E M v by (r • f)(m) = rf(m), m € M. Given (R, *), also a right 
R-module, with (/ • r)(m) = r*f[m) 

A locally noetherian scheme 
An abelian scheme over S 

A equipped with an R-action, an injective ring map i : R Ends (A) 
The dual abelian scheme of A 
A v with the R-action i v (r) = t(r*) v 

(A, l) with a polarization A : A —>• A v that is R-linear: \oi(r) = i v (r)oA 
for all r € R. In §3, A is always principal 
B ) :The group of S'-homomorphisms of abelian schemes A —» B 
B ) :The group of R-linear S'-homomorphisms A —>• B 

A CM field K of degree g over Q, and a CM-type for K 

The reflex field of ( K , <3?), as a subfield of C 
The ring of integers of K 
The ring of integers of L 

Complex conjugation on K and L. Also the positive involution on Ok 

The category of abelian groups 

The category of left R-modules 

The category of right R-modules 

The category of locally noetherian schemes over S 
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If M £ Mod-P is also in P-Mod for another ring P, and if the actions of P and R commute, M 
is called a P-P-module. An P-P-module is called an P-bimodule. 

For X, T £ Sch/s, X(T) denotes the set of S-scheme homomorphisms T —>• X. If / : X —> Y is 
a map of P-schemes, fr ■ X(T) —>• Y(T) is the function p / o ip. 

1. Serre’s Construction 

In this section we recall the Serre tensor construction, then establish some basic properties of 
the abelian schemes arising from it, such as the possible homomorphisms between them, their Tate 
modules, Lie algebras, and their dual abelian schemes. We then study the polarizations on such 
abelian schemes. 

Let R be a ring, possibly non-commutative, and free of finite rank over %. An abelian scheme with 
an R-action is a pair (A, t), where A is an abelian scheme over some base S, and l : R Ends (A) 
in an injective ring homomorphism. 

Definition 1. Let (A, t) be an abelian scheme with an Abaction, and M a projective finitely 
presented right P-module. The Serre tensor construction, denoted M ®r A, is the group 
functor 

M ®r A : Sch/s —* Ab, T i-> M ®r A(T), 
from P-schemes to abelian groups. 

A fact we take for granted is that M ®r A is representable by an abelian scheme over S, also 
denoted by M ®r A. This follows from the projective and finitely presented assumption on M. 
Briefly put, suppose R n — > R m —> M — > 0 is a presentation of M, and let Wl £ M mxn (R ) denote 
the matrix of the map R n —> R m . For any group scheme G over P with an Abaction, one may define 
the functor Sch/s —> Ab, T i-a M ®r G(T) as above. It will be representable by the kernel of the 
group-scheme homomorphism G m —» G n given by the matrix 9Jt T £ M nxm (R ) C M nxm (Ends(G)). 
The functor G ha M <&r G then commutes with base change, and preserves many properties of the 
group scheme G, including those required of an abelian scheme: proper, smooth, and geometrically 
connected fibres. For more information see j4j §7]. 

For two rings P and R, by a A’-Abmodule we mean an abelian group that is a right Abmodule 
and a left P-module, such that the actions of P and R commute. If (A, l) is as above, and M is a 
P-Abmodule, projective and finitely presented over R, and torsion-free over P, then the action of P 
on the T-valued points M <g )r A(T), for T £ Sch/s, equips M A with a P-action. In particular, 
if R is commutative, M <S>r A always has an P-action. 

Let (A, t), (P,j) be abelian schemes with an P-action. An R-linear homomorphism 4> : A —> B 
is a homomorphism of abelian schemes satisfying cj) o t{r) = j(r) o <f> for all r £ R. If / : M —> N 
is a homomorphism of projective finitely presented right P-modules, and cj) '■ A —> B an P-linear 
homomorphism of abelian schemes, by / (8 (f> : M A —> N ®r B we denote the map given on 
T-valued points by 

(/ ® 4>)t ■ AI (2 )r A(T) —>• N ®r B(T), m® o i-A f(m) ® (j>(a), T £ Sch/s- 

When 4> is the identity map 1a ■ A —>• A, we also write for / <g> 1 a- 

Note that if M = R n , M®rA is canonically isomorphic to A n . We will often hide this equivalence 
and write A n = R n ®r A. 

1.1. Homomorphisms. Our first task is to study homomorphisms M ®r A —>• N ®r B. The key 
proposition is as follows. 

Proposition 2. Let A be an abelian scheme over S, with action by a ring R, and suppose M is a 
projective finitely presented right R-module. Let B be another abelian scheme over S, with action 
by a ring P, and N a projective and finitely presented right P-module. 
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(a) There is a canonical isomorphism of abelian groups 

T : N ®p Homs(A B) (gp M v = Horns (M (gp A, N (gp B ), 
mapping a pure tensor n (g <f® f to the morphism given on T-valued points by 
^>(n <g <f <g /)p : M (gp A(T) -A- IV (gp R(T), m® a i-A n <g 4>(f(m)a), T £ Sch/ s 

(b) Suppose P = R and M, N are R-bimodules, so that M®rA, N®rB acquire R-actions. The 
above isomorphism, restricted to R-linear homomorphisms, gives a canonical isomorphism 

T : N (gp Homp(A B) (gp M v = Honip(M (gp A, IV (gp B). 

(c) With M, N, R as in (b), suppose R is moreover commutative. Then there’s a canonical 
isomorphism of R-modules 

Homp(M, N ) (gp Honip(A B) = Homp(M (gp A, N (gp B), 

mapping h® f> to the morphism given on T-valued points by h® < f > T , for T E Sch/p. 

Proof. For part (a), the statement is obvious if M and N are free. For the general case, pick finitely 
presented projective right R— and P— modules M' and N' respectively, so that Mq = M ®M' and 
Nq = N (B N' are free of finite rank. Then the isomorphism 

-/V 0 (gp Homp (A B) (gp Mq = Horns (Mo <gp A, No <gp A) 

decomposes into a direct sum of four morphisms of abelian groups, all of which must be isomor¬ 
phisms, one of which coincides with the morphism in the statement. The explicit form of the map 
may be checked by following through the canonical isomorphisms involved. 

The other parts are similar. For (6), first assume M ~ R m and N ~ R n , so that Horn (iff ® p 
A, N®rB) may be identified with M n (Hom(H, B )), the additive group ofmxn matrices with entries 
in Horn(T, B). The claim becomes equivalent to the fact that i?-linear elements of M n (Hom(A B)) 
correspond to matrices with .R-linear entries. The general case may be deduced by picking comple¬ 
mentary projective modules as in part (a). 

For (c) note that the left and right R-actions on Homp(A B) agree by definition of R-linearity. 
The claim then follows from (6) and the associativity of tensor products of R-bimodules, plus the 
fact that the canonical morphism M v (gp N —> Homp(iM, N) is an isomorphism since M and N 
are finitely presented and projective. □ 

1.2. Lie algebra and Tate module. The following lemma says taking the Tate module or Lie 
algebra of an abelian scheme commutes with applying Serre’s construction. 

Lemma 3. Let A be an abelian scheme over a base S, equipped with an action l : R —> Ends (A by 
a ring R. Suppose M is a projective finitely presented right R-module. There is then a canonical 
isomorphism of group schemes 

Ti(M (gp A) = M (gp Ti(A), 
as well as a canonical isomorphism of Os-modules 

Li es(M (gp A) = M (gp Lies (A- 
Proof. For any positive integer N, the sequence 

0->M (gp A[N] -a M (gp A M (gp A —> 0 

is exact since M is a flat R-module. The first claim follows by passing to the limit. 

For the second assertion we use the functorial description of Lies (A gi ven by 

Ue s (A)(U) = ker(AR[e]) A U)), 

for U C S [Hi Exp II, 3.9]. Here A(U[e\) -A A(U) is induced by U -A U[e], which is constructed as 
follows. U[e\ = U x Spec ( Z ) Z[e], where Z[e\ is the ring of dual numbers. The map U -A U[e] comes 
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from applying the fibre product functor U Xg pec a - to the morphism SpecZ —>• SpecZfe], and the 
latter corresponds to the ring homomorphism Z[e] —> 7L that sends e to 0. The claim follows again 
from the fact that M ®r — preserves kernels by flatness. □ 


1.3. The dual abelian scheme. In this section we study how the Serre construction interacts 
with the duality theories of abelian schemes and projective R-modules. Recall that the dual M v = 
Horn r(M,R) of a right R-module M, is naturally a left R- module, with r £ R acting on / £ M v 
by (t • /)(m) = r • f(m). Similarly, if (A, t) is an abelian scheme with an R-action. The map 
r i— > t(r) v gives a right R-action on A v . Here in order to avoid a doubling-up of notation, we use 
the convenient fact that R is often equipped with a positive involution. 

Definition 4. A positive involution ring (R, *) is a ring R, free of finite rank over %, equipped 
with an involution n->r* such that (a, b ) i-a Tr^ Q /Q(a6*) is positive-definite on R<q. 

When R is equipped with an involution *, every left R-module is also a right R-module, and vice 
versa. Specifically, M v is a right R-module, with r £ R acting on / £ M v by 

(1.1) (/ ■ r)(m) = r*f(m), m&M. 

Then if / : M — > N is a homomorphism of right R-modules, so is the dual map / v : IV v —» M v . 

Let n r : R —> R denote left-multiplication by r £ R. Then every right R-linear map / : R —>• R 
is equal to yu/(i) • The bijection R —> R v , r i-A p r , is however, an isomorphism of left R-modules. 
To obtain a right R-module isomorphism, we twist it by *. Thus we identify R and R v as right 
R-modules via 

(1.2) R^>R V : r^n r *, R V ^R: / i-4/(1)*. 

Then (R n ) v , which is canonically identified with (R v ) n , can also be identified with R n when R 
has an involution. Whenever possible, we will tacitly make this identification. In particular, if M 
and N satisfy M © N = R n , we write M v © N v = R n . 

Let & = denote the category of projective finitely presented right R-modules. Given 
M £ the dual M v considered as a right R-module via (11.11) is again an object in & . The 
map M i—^ M v defines a contravariant functor from & to itself, sending a morphism / : M N 
to its dual / v : N v —> M v . We will write (M v ) v = M by abuse of notation, hiding a canonical 
isomorphism. 

Fixing a base scheme S, by srf = s/(S) we denote the category of abelian schemes over S, with 
group scheme homomorphisms as arrows. The contravariant functor sd —>■ sending A to the 
dual abelian scheme A v satisfies (A v ) v = A. We will also hide this equivalence in the notation, 
and write (A v ) v = A. 

Let = £^r(S) denote the category of pairs (A, t) consisting of an abelian scheme A over the 
fixed base S, and an action l : R Ends (A) by a positive involution ring (R, *). The morphisms 
in &/r are required to be R-linear group scheme homomorphisms. Given (A, t) £ &/r, the dual 
pair (A v ,i v ) consists of the dual abelian scheme A v , and an action t v of R on A v defined by 
i v (r) = t(r*) v . Then (A, l) i —> (A v ,i v ) is a contravariant functor from &4r to itself. 

Let S : & x s/r , be the functor induced by Serre’s construction sending (M, A) to M A. 

Proposition 5. The following diagram commutes up to canonical isomorphism: 


& x 
vxv 
& x 


In other words, for M £ TA, (A, l) € s4r, and f £ Mor(,^), <f> £ Mor(^), we have 

(M ® R A) v ^ M v ® R A v , (/ © (fY ^ / v © cj) v . 
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The isomorphism $ = &m,a ■ Af v Sr A v —>• (M Sr A) v is characterized as follows. For T € s/, 
and g St € M v ®r Houi 5 (T, A v ), the map $t{9 S t) € Homs(T, (M Sr A) v ) is the dual of the 
homomorphism M <S>r A —x T v given on U-valued points by 

M <£)r A(U) —X T v (U), m S u e-x i v o i(g(m)) o u, U £ Sch/g. 

Proof. Let T be an abelian scheme over S. We have canonical isomorphisms 

Homs(T, M V Sr A v ) = M v ® R Homg(T, A v ) 

“ Hom 5 (A,T v ) ® R M y 
= Horn S {M ® R A, T v ) 

= Hom S (T, (M® r A) w ), 

where the first and third isomorphisms follow from Proposition [21 and the second is fSf> K > fp (g>/. 
Letting T = M v (&r A v , the canonical morphism M v A v —> (M ®r A) v corresponds to the 
identity element in 

Horns(M v Sr A v , M v ® r A v ) = Hom 5 (M v ® R A v , (AT ® R A) v ), 
and its inverse (M ®r A) v —> M v ®r A v corresponds likewise to the identity in 

Hom s ((M <g> R A) v , M v ® R A v ) ^ Homg((M ® R A) v , (M A) v ), 
which comes from setting T = ( M Sr A) v . 

The explicit form of the statement, as well as the relation (/ ® (f>) y = / v ® 0 V , may be checked 
by following through these isomorphisms carefully. □ 

1.4. Polarizations. We wish to show a correspondence between polarizations on M ®r A and 
positive-definite i?-hermitian structures on M. First we show a correspondence between hermitian 
structures on M and symmetric morphisms M ®r A —>• (M A) v . Then we show the ampleness 
property, which is required of a symmetric morphism to be a polarization, corresponds to the 
positivity of the associated hermitian structure, as an element of a formally real Jordan algebra. 

We recall some definitions and basic facts about polarizations of abelian schemes. Let A be an 
abelian scheme over a base S. The Poincare correspondence <£^ 4 , is a universal line bundle on 
Axg A v that induces, for any abelian scheme B/S, a canonical isomorphism of groups 

Horns(H, A v ) “ Corrs(H, B), (0 : B -> A v ) eA (1 A x 4>)*{^a)- 

Here Corrg(A, B) denotes the group of correspondences on A Xg B [5J 1.1.7]. 

Let A : A — )■ A Xg A be the diagonal. For a morphism f : A A v of abelian schemes, let Cf 
denote the correspondence (1 x f)*& A on A Xg A, and = A *(£f) the associated line bundle 
on A. If g : B —> A is a homomorphism of abelian schemes, then the pullbacks of Jzfj and Cf under 
g and g x g correspond to the map g v o f o g : B —> B v . In other words: 

(1-3) g*S£f = CC g w ofog , (g x g)*C f = C g v ofog . 

If C is a correspondence onixj A, its associated map A : A —> A v is symmetric if and only if 
£ is a symmetric correspondence, meaning s*(C) — C with s \ Ax A —> A x A the coordinate flip 
map. 

A polarization on an abelian variety Aq is a symmetric homomorphism A : Aq —> Aq , associated 
to a correspondence C\ as above, such that the line bundle T£\ = A*(£a) on Aq is ample. A 
polarization on the abelian scheme A is a symmetric homomorphism A : A —> A v such that for 
every geometric point s —> S, Xj : A-g -A A^ v is a polarization of abelian varieties. A principal 
polarization is one that is also an isomorphism. 
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The choice of a polarization on an abelian scheme A induces a Rosati involution 4> H► pfifi) on 
End°(A) = End(A) (g) Q, determined by the commutativity of the following diagram in the isogeny 
category: 


A^~A V 




A 


A v . 


Let ( R , *) be a ring with involution, and (A. t) a pair consisting of an abelian scheme A, and an 
R-action i : R ^A Ends(A). Then the dual abelian scheme A v may also be equipped with an in¬ 
action t v via r v (r) = r(?’*) v . A polarization A : A -A A v is R-linear if and only if Ao fir) = t(r*) v oA 
for all r £ R. By the above diagram, this is equivalent to fir*) = p(fir)), so that a polarization A is 
ill-linear if and only if the action t : R —)• Ends (A) maps the involution * to the Rosati involution 
P- 

Let (A, i, A) be as above, with A an R-linear polarization, and denote by C = C\ the correspon¬ 
dence associated to it. The behaviour of the pullback of £ under the product / x g of various maps 
/, <7 £ End(A) is described by the following proposition: 


Proposition 6. The map l : End(A) x End(A) —> Corr(A, A) given by l(x,y ) = (x x y)*£ satisfies 
the linearity relations 

fix + y,z) = fix, z) <g> fiy, z) 
fix, y + z) = fix, y) <g) fix, z) 
fix,yofir)) = fix o fir*), y), 

for all x,y,z £ End(A), and r £ R. 


Proof. A corollary of the theorem of the cube [20, p.59] states that if f, g, h : X — > Y are maps of 
abelian varieties, and Jz? is a line bundle on B, then: 

(/ + g + h)* Jz? = (/ + g)*S? ®(g + h)*i? ® (/ + h)*i? <g> f*5T~ l ® g*^~ l ® h 

The first property follows from the above applied to / = (i x 0), g = (y x 0), h = (0 x z), and 
Jz? = £^, with the second being similar. The third property follows from the R-linearity of A. □ 


Let A be an abelian scheme with an R-action, equipped with an R-linear polarization A, and 
suppose / : M —> M v is any R-linear homomorphism. For / <S> A : M <g)# A —> M v (gi^j A v to 
be a polarization, it must be a symmetric morphism. We will show that’s equivalent to / being 
R-hermitian. First, recall the definitions. 

Let (R, *) be a ring with an involution, and M a projective finitely presented right R-module. A 
Z-bilinear form F : M x M —> R is called sesquilinear if F(mr, nr') = r*F(m, n)r' for all m,n £ M, 
and r, r' £ R. By the tensor-horn adjunction formula, sesquilinear forms F are in bijection with 
linear maps / £ Hom^(M, M v ) via f[m){n) = F[m,n). A sesquilinear form F is called hermitian 
if F(m,n)* = F(n,m ) for all m, n £ M. 

Let p : R" —» M be a fixed presentation of M. If {cr, : R R n }” =1 are the n coordinate 
embeddings into R n , the elements {et = p o afi 1)}" =1 generate M. A sesquilinear form F on M is 
then hermitian if and only if the n x n matrix having ij th entry R(e,,ej) is hermitian. That is, if 
and only if F(ei,ej) = F(ej,ei)* for 1 < i,j < n. 

We clarify some notations and canonical identifications for the next proposition. Recall that R v 
is identified with R, as in m, hence (R v ) n with R”. The dual of the coordinate embeddings 
Oi : R R n are identified with projections 7Tj : R n —» R. If A is an abelian scheme with an 
R-action, the maps cq <8> 1a ■ R A -a R” A are identified with coordinates embeddings 
Si : A -a A n . By Proposition [5[ the dual of s* is the ith projection (7u)a v : (A v ) n -a A v . Similarly, 
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the -R-dual of p : R n -» M is an injective map p v : Af v ^A R n , and pi 8) 1a is identified with 
PA : A n -» M A with dual p\ = (p v )a v : M v 0# A v ^a (A v ) n . 

Let ip = p\ o (/ 0 A) ° pa £ Ends(A n , (A v ) n ). Then ip is represented by an n x n matrix with 
cofficients in Homs(A, A v ). Specifically, ip is determined by its ij th entries ipij : A -a A v , given by 

ipij = s y o ip o Si, 1 <i,j<n. 

Proposition 7. ILT/t / 0 A and ip as above, the following are equivalent: 

(1) / 0 A is symmetric. 

(2) ip is symmetric. 

(3) ipij = (ipjiY for 1 < i, j < n. 

(4) f is hermitian. 

Proof. We have ip y = (pa) v ° (/ <8> A) v so (1) implies (2). As M is projective, p has a section 
s : M -a so that pos = 1 m- Then p^ °s'A = ( P°s)a = 1 m® r a and dually s\op y A = 1 m v ® h a v - 
If ip is symmetric, so is s^ o o sa = / ® A, so (2) also implies (1). 

We have 

idPijY = (sj o ip o s*) v = s y oip y o Sj = (• ip w )ji 

so that (2) implies (3). Conversely if ipij = ('ipji) v = {ip y )ij for all 1 < i,j < n, then ip and ip v as 
matrices in M n (Hom,s(A, A v )) have the same entries and so must be equal. Thus (3) implies (2). 
Now we have 

ipij = s y oip o Si = s y op\o (f ® \) op A o Si = (p A ° sj) v o (/ 0 A) o (p A o Si). 

Proposition [5] identifies the dual of PA°Sj : A —> M 0^A with the map M v 0/jA v -a A v induced 
by (p o aj) v : M v -a T. In other words, allowing canonical identifications we have 

Sj ° Pa = (crj 0 1a) V o (pig) 1 a) V = (crj (g> Iav) O (p V 0 Iav) = (<Tj op V ) (g 1 av = (p o CTj) V 0 1^. 

Then 

(1.4) ipij = ((p O C7j) v 0 Iav) O (/ 0 A) O ((p O CTi) 0 1a) = ((p ° oy) V o / o (p O CTi)) 0 A. 

Writing fij = (poCT\,) v o/o(po<7i), the right hand side above is a map /y-0A : R<S>rA -a -R v 0rA v . 
It is identified with ipij : A -A A v via isomorphisms R®r A = A and R v <S>rA v = A v as follows. The 
isomorphism A -a R®rA is given on T-valued points by sending f £ A(T) to l0f £ R®rA(T), with 
inverse r®t i-a i ( r ) ot . The isomorphism J? v 0rA v -a A v sends a T-valued point a®t £ i? v 0#A v (T) 
to i v (a(l)*) oi, via the identihcation i? v = R, a i-a a(l)*, as in (11.211 . Then according to (11.411 . ipij 
is given on T-valued points by 

(1.5) (dPij) T : A(T) -a A v (T), tHA t v ((/y(l)(l)noAr(t). 

Now recalling the notation e* = p o cjj(l) £ M, we have /^(l) = (p o <7j) v o / o (p o cq)(l) = 
(p o (Jj) y { f{ei)) : i? -A T. Identifying / : M —» M v with a sesquilinear form T : M x M -a T, 
fief) £ M v is the map x i-a F(ei,x). Then (p ° <Tj) v (/(ej)) £ T v is the map r i-a T(ej, (p o o\,-)(r)), 
which under T v = T is identified with F{ei,ej)*. Thus writing F^ for F(ei,ej), (11.51) gives 
ipij = t v (Tj* ) o A = A o i(F*j). Similarly, we have 

(Vhi) v = (A ° 4^)) v = ° A = r v (T i4 ) O A = A O i{Fjf). 

Then ipij = {ipjiY if and only if A o i(T* — T)j) = 0. As A is an isogeny and t is injective, this 
happens if and only if T 1 -*- = Fji. This shows the equivalence of (3) and (4). □ 

Now we recall Jordan algebras and the notion of positivity in a formally real Jordan algebra over 
R. We relate positivity in certain matrix Jordan algebras with the usual notion of a positive-definite 
matrix. Then we define positive-definite T-hermitian structures h : M -A Af v , which correspond 
to polarizations on M 0# A. The reference for this material is [I] and m- 
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Definition 8. Let k be a field, with char(fc) 7 C 2, and let R be an algebra over k, not necessarily 
associative, with multiplication denoted by o. Then (R, o) is called a Jordan algebra if it is 
commutative, and 

(u o u) o (u o v) = u o ((u o u) o v ), Vrt, v £ R. 

A Jordan algebra R is called formally real if for all u,v £ R, 

uou + vov = 0 u = v = 0. 

Any associative fc-algebra R can be turned into a Jordan algebra (R, o) by setting 

xoy = ^(xy + yx). 

We restrict to the case where k is subfield of R, so that it makes sense to speak of positive 
elements of k. Let R be a finite associative fc-algebra equipped with a positive involution r 1 —> r*, so 
that (x,y) i-a Tr R / k (y*x) is positive definite. The elements of R fixed by the involution are called 
symmetric. The positivity of the involution implies that the subalgebra of symmetric elements 
S C R is formally real. For any n > 0, the matrix algebra M n (R ) inherits a positive involution 
A 1 — y X* from R, given by (X t j) 1 —> (A*-). Its symmetric elements are the formally real Jordan 
algebra H n (R) of n x n hermitian matrices. 

Definition 9. An element u of a formally real Jordan algebra over the real numbers R is called 
positive, and denoted u > 0, if all the eigenvalues of the R-linear map L u : v 1 —?• u o v are positive. 

If R is any one of: the real numbers R, complex numbers C, or the standard quaternions H, 
it can be considered as a Jordan algebra over R, with a positive involution given by the identity 
map on R, complex conjugation on CD, and the standard involution on H. In all three cases, the 
matrices in H n (R) are unitarily diagonalizable. For a matrix X £ H n (R), the eigenvalues of the 
operator Lx : R —>• R, Lx{Y ) = X o Y = tj(XY + YX) are of the form ^ (d,; + dj ) where di are 
the ordinary eigenvalues of A as a matrix. It follows that X > 0 in H n (R), if and only if A is a 
positive definite matrix in the usual sense. 

Now suppose R = K is a CM field, with maximal totally real subfield F. Then K is an algebra 
over F, with complex conjugation defining a positive involution. The formally real Jordan algebra 
H n {K)< g)R over R is isomorphic to a product of algebras iL n (R) and H n ( C), one for each embedding 
of K in <D. A matrix A € H n (K ) is positive in H n (K) ® R if and only if it is positive in each 
factor of the product. It follows that A > 0 if and only if the eigenvalues of X are totally positive 
algebraic numbers. 

To show the connection between Jordan algebras and polarizations, we recall a result charac¬ 
terizing ample line bundles on abelian varieties from Mumford’s book m ■ Let A be an abelian 
variety over an algebraically closed field, equipped with a polarization A. Then A induces a Rosati 
involution on End(A)(Q. We denote by End(A) sym and End(A)q m the elements fixed by the Rosati 
involution, in End(A) and End(A)<Q respectively. 

The following theorem is from m p.208], where the term totally positive is used for what we 
call positive. 

Theorem 10 (Ampleness Criterion). For r £ End(A) sym ; the line bundle L£\ or € Pic(A) is 
ample if and only if r is positive in the formally real Jordan algebra End(A) ® R. 

We will often use the following corollary. 

Corollary 11 . Let S be a connected scheme, A an abelian scheme over S, A : A —>• A v a polariza¬ 
tion, and r £ Ends (A) • Then A o r is a polarization if and only if r is positive in the formally real 
Jordan algebra Ends (A) ® R. 
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Proof. Using the rigidity lemma of m Ch. 6], one easily reduces to the case where S is the 
spectrum of an algebraically closed field. For A o r to be a polarization, it must be a symmetric 
morphism, so that 

A o r = (A o r) v = r v o A = A o r* 

where r* is the Rosati involution of A applied to r, and the identity is that of elements in End(A)<Q. 
As A is invertible in End(A)<Q, we get r = r*, i.e. r £ End(A)q m . Then by Mumford’s ampleness 
criterion, the line bundle Jzf\ or corresponding to A or is ample if and only if r is positive in 
End(A) <g> R. □ 

To establish the claimed correspondence between hermitian structures on M and polarizations 
on M <8 )rA, we require one condition on the ring R, and another on the module M. The condition 
on M allows us to define the notion of a positive-definite R-hermitian structure on M, and the 
condition on R ensures that this definition is sound. The condition on R always holds for rings 
that admit a triple (A, t, A), and the condition on M holds often, such as for the applications we 
have in mind. The key property which we require of positive involution rings (R, *) is as follows. 

Definition 12. A positive involution ring (R, *) is said to satisfy property (P), if for every matrix 
Q in GL n (R(^) the hermitian matrix Q*Q € H n (R,Q) is positive in the formally real Jordan algebra 
H n (R) ®R. 

The following lemma shows that property (P) holds in all cases of interest. 

Lemma 13. Let (R, *) be a positive involution ring. If there exists a triple (A, l. A), then R satisfies 
property (P). 

Proof. Since for any point s of the base scheme S the map Ends(A) — > Endfc(<,)(A s ) is injective, 
we can assume A is an abelian variety. Let Q £ GL n (R( q). After multiplying by a positive 
integer we can assume Q has entries in R, and so defines an R-linear isogeny <f : A n —» A n . 
Since the R-linear map \ n : A n —> (A v ) n is a polarization on A”, the line bundle J*?A n is ample, 
therefore the line bundle 0 \n. 0( p = 4>*AA\n is also ample, as cf is an isogeny. Since A is R-linear, 
(jp o X n o <f = \ n o if, where if : A n —>■ A n is given by the hermitian matrix Q*Q with coefficients 
in R. By the ampleness criterion, the symmetric element if is positive in the formally real Jordan 
algebra H n (R^) ® R C End(A") <S> R, where it is identified with Q*Q. □ 

A projective finitely presented module M over a Dedekind domain is automatically a lattice in 
M<q. For general rings R , we make the following definition. 

Definition 14. A lattice M over R is a projective finitely presented right R-module M such that 
M«q is free over i?<Q. 

The key positivity notion is as follows. 

Definition 15. Suppose (R, *) satisfies property (P). A hermitian lattice ( M,h ) is positive defi¬ 
nite if for some isomorphism r] : R q —>• M q, the standard matrix T £ H n (R(Q ) of the map oh^or] 
is positive in the formally real Jordan algebra H n (R ) 0 R. 

The following lemma shows that the above definition does not depend on the choice of r/. 

Lemma 16. Let (R,*) be a positive involution ring with property (P). Let Q £ GL n (R q) and 
T £ H n (R<Q). Then T > 0 in H n (Ra^) ®R t/ and only if QTQ* > 0. 

Proof. Let J\ denote the Jordan algebra H n (R ( q), and Jqq* the algebra with the same underlying 
abelian group as J\ and product defined by 

X °qq* Y = - 2 (X(QQ*)~ l Y + Y{QQ*)~ 1 X) . 
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Then Jqq* is a formally real Jordan algebra with unit element QQ*, and the map T H > QTQ* is 
an isotopy of Jordan algebras J\ —>• Jqq* [l7| p. 14]. It can be extended R-linearly to an isotopy 
Ji <8> R —>• Jqq* <8> R of formally real Jordan algebras over R. 

The set of positive elements of a formally real Jordan algebra J over R is an open convex cone, 
identified with the connected component of the identity in the units J x of J EH p.18]. An isotopy 
of Jordan algebras preserves the positive cone. 

The positive cone of Jqq* <g> R, which is the same topological space as Ji <g> R, is the connected 
component of its identity element QQ*. Since (R,*) satisfies property (P), QQ* is positive in 
J\ <S> R, therefore it lies in the same connected component as the identity element of J\ ® R. Thus 
the isotopy T i-a QTQ* maps the positive cone of J\ ® R to itself, and so T > 0 if and only if 
QTQ* >0. □ 

The main result of this section (Theorem A from the introduction), is as follows. 

Theorem 17. Let (R, *) be a positive involution ring, ( A , t) an abelian scheme with an R-action, 
and M a lattice over R. Suppose A : A -A A v is an R-linear polarization and h : M -A M v is 
an R-linear map. Then h ® A : M ®r A -A M v ®r A v is a polarization if and only if (M, h) is 
hermitian and positive definite. 

Proof. By Proposition [71 h < 8 > A is symmetric if and only if h is hermitian, so we can assume this 
is the case. Such a symmetric map is by definition a polarization if and only if it is a polarization 
of abelian varieties on geometric fibres. Since Serre’s construction commutes with fibre products, 
h ® A is a polarization if and only if (h (g> A) s = h < 8 > A s is a polarization for all geometric points 
s —y S. Thus we can assume A is an abelian variety over an algebraically closed field. 

We fix an isomorphism ry : R q —>• Mq , through which we identify M C M<q with its pre-image 
in Let T £ H h (Rq) be the matrix of r/ v o h<Q o r/ as in Definition 1151 Since the inclusion 
M C becomes an isomorphism after tensoring with Q, there is a positive integer k such that 
kR n C M. Let k : R n —> M denote multiplication by k. Using the identification A n = R n ®r A, 
we obtain an isogeny ka = k <g> 1a '■ A n — > M ®r A. Now let / = k v o h o k and consider the map 
/ ® A : A n —> (A v ) n . Since h ® A is symmetric, so is / <8> A = o (h ® A) o ka- The matrix of / 
is a positive integer multiple of T, so ( R n ,f ) is positive-definite if and only if ( M,h ) is. Since ka 
is an isogeny, the line bundle k* a \ is ample if and only if T£h®\ is ample. It follows 

that it’s enough to prove the theorem for ( R n , /) in place of (M, h). 

Now /(gi A : A n —> (A v )" factors as A n o f a , where A n : A n —> (A v ) n is the product polarization 
of A n obtained from A. By Corollary 1111 A n o is a polarization if and only if £ End(A ri ) is 
positive in the formally real Jordan algebra End(A n ) ® R. It remains to show this is the case if 
and only if / is positive definite. 

Let us use * again to denote the Rosati involution on End(A) ® Q induced by A. The algebra 
isomorphism M n (End(A) ® (Q)) = End(A n ) ® Q identifies the Rosati involution induced by X n on 
End(A”)®Q with the positive involution (X t j) -a (A*J on M n (End(A) ® (Q). Thus the symmetric 
elements in End(A n )®Q are identified with hermitian matrices H n (End(A)® Q). The map f f a 
is a morphism of formally real Jordan algebras —» iL n (End(A) ® Q). It is the same as the 

map induced by the R-action t : R End(A), so it is in particular injective. Now considering 
Hu(Rq) as a subalgebra of End(A n ) <g) Q, it follows that fA> 0 in End(A n ) ® R if and only if 
/ > 0 in H n (R ) (g> R. In other words, /(g) A is a polarization if and only if / is positive-definite, 
and so the same holds for h. □ 


Under some extra assumptions, we can extend this theorem further to characterize principal 
polarizations. Recall that a hermitian form h : M -A M v is called non-degenerate if it’s an 
isomorphism. 


Proposition 18. Under the conditions of Theorem 17. suppose that furthermore A 
principal, and that either: 


A -A A v 


is 
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(i) The (left) R-module of endomorphisms Ends(Al) is faithfully flat, 

or 

(ii) R is commutative, and the R-module of R-linear endomorphisms Endij(y4) is faithfully flat. 
Then h <E> A is a principal polarization if and only if h is a non-degenerate positive definite 

hermitian form. 

Proof. It’s clear that if h is non-degenerate and A is principal, h Q A is an isomorphism. Conversely, 
suppose h® A is an isomorphism. Since hi g>A factors as a composition of the isomorphism 1 m® A : 
M®r A —>• M®r A v with the map h®lA '■ M®rA -a- M v ®rA, the latter is also an isomorphism. 
Now consider this isomorphism on the A- valued points of M ®r A: 

(, h ® 1 a)A '■ M ®r Endg(j4) M v ®r Ends(4), m ® 4> eA h{m) ® (f. 

Evidently, this is the tensor product of the map of right R-modules h : M —> M v with the left 
.R-module Ends (.A). If the latter is faithfully flat, h is an isomorphism. 

Now suppose R is commutative. Then M is a bimodule, M ®r A and M v ®r A v inherit R- 
actions, and the isomorphisms h® A, h®tA and are all R-linear. Consider the commutative 

diagram 


M ® R Kiid.s(- l) {h ® tAU > m v X/,. Knd.sM) . 


M ® R End K (A) 


M v ®R 


lnd R (A) 


Knowing the top arrow is an isomorphism, we claim the bottom one is also one. Injectivity is 
clear from the diagram, so we must show surjectivity. 

Let T : M v ®r A —> M <g )r A be the inverse of h ® 1 a- Since h ® is R-linear, so is T. By 
Proposition [2jc) it corresponds to an element of Hom/j(M v ,M) ®r Endi?(j4), which is of the form 
Yli a i ® s ii for R-linear a* : M v —> M and Si £ Eiid#(4.). Then on T-valued points of M v ®r A, 
^ is given by: 


: M v ® R A(T) -A- M ® R A(T), aflf) ® (s* o t). 

I 

Letting T = A, we consider the map restricted to M v ®r End#(M) C M v ®r End(A). If t £ 
Endij(A), we also have Sjot £ EikIr(AI), andsoT(/®t) = a i(/)® i s i°t) £ M®^Endij(y4). This 
shows the inverse of (/i®!^)^, when restricted to M v ®^End^(A), takes values in M®^End#(A). 
In other words (h ® 1 a)a restricted to M ®r End^(A) is surjective onto M v ®r End#(A). This 
proves the map 

(h ® 1 a) A '■ M ®r End^(y4) —» M v ®r End# (.A), m® s h(m) ® s 


is an isomorphism. Now, the above map is just the tensor product of h with the identity map of 
the R-module End#(A). Thus if the latter is faithfully flat, h is an isomorphism. □ 


We note that in particular the proposition applies when A is an abelian scheme with CM by the 
ring of integers R = Ok of a CM field K , since then End#(A) = R. 


2. Tensor Product of Categories 

In this section we define the action of a monoidal category on another category, and the tensor 
product of two categories with such actions. Then we assume the monoidal category is a 2-group, 
which is to say its objects are invertible with respect to the monoidal product, and we show the 
morphisms of the tensor product in this case have a concise form. With the application to moduli 
spaces in mind, we assume one of the tensor factors is a groupoid and the other is fibred in groupoids 
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over some base category. Then we show under certain conditions the resulting tensor product is 
also fibred in groupoids over the same base. 


2.1. Definitions. A monoidal category is a category equipped with a product on objects resembling 
the tensor product of modules. We recall the definition from [16, p. 162], 

Definition 19. A monoidal category is a category C equipped with the following data: a 
bifunctor □ : C x C —>• C, an identity object e £ C, and for all a, b, c £ C a canonical associator 
isomorphism 

a a ,b,c '■ (aDb)Dc —> aD(6Dc), 
along with left and right unitor isomorphisms 

\ a : eDa —> a, p a : ade —> a. 

The isomorphisms are required to satisfy the following pentagon and triangle relations: 


((ad&pcpd 



(aD(6Dc))nd (aD6)D(cDd) 


a a,6Dc,(i 

oD((6Dc)nd) 


d{3otb^c,d 


^a,b,c\3d 

aD(6D(cDd)) 


(aDe)Db -—-*- aD(eDb). 



We will omit the symbol □ and write ab instead of adb for short. 

Definition 20. A left action of a monoidal category C on a category X is the data consisting of: 
a bifunctor C x X —> X : (a, A) i —> aX, and for all a, b £ C , X £ X , canonical associator and left 
unitor isomorphisms 

a aAX ■ ( ab)X ^ a(bX), \ x : eX ^ X 
satisfying the pentagon and triangle relations 

(%a,b,cX ° (%ab,c,X — ®(%b,c,X ° (%a,bc,X ° C^a,b,cX, aXx ° CX a ,e,X — PaX. 

A right action of a monoidal category C on a category y is defined similarly, as a bifunctor 
y x C —> y : (Y, a) i-A Ya, with canonical associator isomorphisms ay, a ,b ■ ( Ya)b ^ Y(ab), and 
right unitors py '.Ye Y, satisfying the analogous pentagon and triangle relations. 

By the coherence theorem of Mac Lane |16l p. 165], the pentagon and triangle relations are enough 
to ensure that all other expected associativity relations hold up to canonical isomorphisms. 

We want to a define a tensor product of categories over a monoidal category. Such tensor products 
are usually defined for additive categories [ME]- For example, for £:-linear categories where A; is a 
field, they have explicit constructions via generators and relations [26]. We require a similar notion, 
but for categories with no enriched structure. For this purpose we imitate the explicit construction 
in [26], but leave out the additive features. 

Definition 21. Let C be a monoidal category, and let X (resp. y) be a category with a right 
(resp. left) action of C. The tensor product X y is the following category. The objects consist 
of symbols X ®Y , for X £ Ob(A) and Y £ Ob(T)- The morphisms are generated by two families: 

I. Symbols of the form 

<t> < 8 > V’ : X < 8 > Y -)■ X' <g> Y\ 

for all ((/> : X X') £ Mor(A), (ip :Y Y') £ Mor(T). 
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II. Associators symbols 


ax, a ,Y '■ Xa 0 Y —> X ® aY, 


and their inverses 

a Y * X ® uL —^ X^U ^ L, 

for all X eX,Y ey,aec. 

The relations imposed on the generators are: 

I. Functoriality of <8>: 


lx ® 1 Y = 1 X®Y, (</> <8> VO ° (</>' <8> ip') = i<t> ° 4>') <S> (ip O ip'), (f) £ Mor(X), ip £ Mor(V)- 

II. Naturality of associators: commutativity of the diagram 


OLX a Y 

Xa <g> Y ' ' ’ > X®aY 


(f>u<s>'4’ 


xV (?) y' 


a X' ,a’,Y’ 


X' <g> flT'. 


for all (V : X -> X') € Mor(X), (V> : y -> y') € Mor(V), (« : a -A a') £ Mor(C). 

III. Isomorphic property of associators: 

OtX,a,Y ° Oi'x,a,Y = a X,a,Y ° a X,a,Y = 1 Xa®Y, for all X £ X, Y £ V, a £ C. 

IV. The pentagon and triangle relations: 

a X,a,bY ° OiXa,b,Y = (Vy ® «a,fe,y) ° OLX,ab,Y ° («A',a,b ly), (lx ® Ay) o (Xx,e,Y = PX ® 1 Y- 

Again by Mac Lane’s coherence theorem m p. 165] the pentagon and triangle relations above, 
together with their counterparts in the definitions of the monoidal category C, and the actions of 
Coni’ and y, imply that all expected associativity relations hold up to canonical isomorphism. 
Thus for instance, up to canonical isomorphism, the object Xaia 2 -.a r (8) b\b 2 ---b s Y £ X <g>c y with 
a,, bj £ C is well-defined. 


2.2. Tensor product over a 2-group. The morphisms of the tensor product described above 
are words in the generator symbols, satisfying relations. A more concise representation is possible 
when the objects in the monoidal category are invertible with respect to the monoidal product. 
This is the case for our application in §3. 

Definition 22. A 2-group is a monoidal category C such that for each a £ C there exists another 
object a~ l £ C, and an isomorphism 

I a : adod 1 X e, 

where e € C is the identity object. 

Note that the object a -1 is not necessarily unique, and neither is I a : ada -1 —» e, even for a 
particular choice of a -1 . In the following, we will assume that the choices satisfy (a -1 ) -1 = a. 

The 2 -group we will later apply the results of this section to is Hermi(CV), the category of 
non-degenerate positive-definite rank-one hermitian modules over the ring of integers Ok of a CM 
field K. The isomorphism classes of Hermi(CV) form the group of classes of hermitian forms, 
classically denoted £(K) [25] §14.5]. 

Let X and y be categories with a right and left action by a 2-group C, respectively. To prevent 
the congestion of symbols later on, we define the following auxiliary isomorphisms. For X £ X, 
Y £ y, a £ C, we have 

(2.1) MX,a ■■ (Xa)a- 1 X X, /z 0 ,y : a ' 1 (aY) X V, 
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given by fix, a = Px°{^-xla) 0 &x,a,a- 1 i an d Pa,Y = Ar°(7 a -ily) o a y | r i . Note that these depends 
on a choice of a -1 , I a and I a - 1 . 

For each X ®Y G X <8> V, we also have an isomorphism 

(2.2) u> a ,x,Y ■ Xa < 8 > a~ x Y X (g> Y 

given by 

(2-3) u a ,x,Y = (lx 0 Po~\y) ° “x.o.a-'y- 

In other words, uJ a ,x,Y is the diagonal morphism in the diagram 


(2.4) 


Xa <g> a- l Y ly > X 8 > afa^Y) 


Xa,a 



(Xa)a 1 



llS/'a-ly 

' ’ 


X ® Y, 


which commutes as a consequence of relations II and IV in Definition [2TJ 
For each cj) <g) ip : X <8) Y —> X' 8> Y' and a G C, we also have a diagram 


(2.5) 


Xa 8 > a L Y 


U a ,X,Y 






^X' ,a,Y' 


■ x' (8) y'. 


commuting as a consequence of relation II in Definition I2T1 along with functorial properties of the 
action of C. 

We will show that every morphism X' C2> Y' —> X (g) Y in X < 8 >c V can be written in the form 
u a ,x,Y ° (<j> 0 VO f° r some a G C, <j> G Mor(V), i/i G Mor(X). The following lemma is the essential 
reduction step in the proof. 

Lemma 23. Suppose r = a2o(V>0VO OQ! i a morphism of X®cY, where </> G Mor(X), if G Mor(V) 
and or, a 2 are associator morphisms in X <S>e Y ■ Then we can also write 

r = ((f) i0 Vh) o a o (fa <g) if> 2)1 

where a is another associator, and V>i, cf> 2 G Mor(X), g/>i, if> 2 G Mor(V). 

Proof. The associators or and 02 can each either have the form or its inverse cJ XaY . Of 

the four possibilities, we look at the case where or and «2 have the form 

or = ax,a,Y ■ Xa aT, 0:2 = ax',b,Y' ■ X'b <g> T ; —> X' ® 61"', 

so that we have (j>® if) : X ® aY -A X '6 ® y'. The other three cases are similar. 

The claim then follows from the commutativity of the diagram 


Xa <g> Y 


OtX,a,Y 


X <2lay 


X'b <8> y' 


X' ( 8 > 6 y ; 






„ i </>a®a 1 l/' _i T ., a X',b,a l 8 :ll a- 1 V' “x'.bo.a-R' , 

Xa®a l aY -s-(X 6 )a g> a X- ^ X (ba) ® a l Y - - v 


X 1 ® (ba) (a- 1 Y' 


Here the morphism F is the composition 


-l^A a ba,a 1 ,Y' /( -l^y/ Ot.a.a 1 ) l Y> _ j ^ , (bl a )tyl 

(ba)(a Y ) - ((ba)a )Y - (b(aa J)V - 


(fte)y' 


Pb 1 Y ' 


bY' 


Checking that this diagram does indeed commute is straight-forward using the axioms of X 2>c Y- 
In particular, one uses the triangle and pentagon relations and the naturality of associators. □ 
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Here is the main result on presentations of morphisms in X <S>c 33 

Proposition 24. Let X (resp. y) be categories with a right (resp. left) action of a 2-group C. 
Then every morphism t : X <S>Y —» X' <g> Y' in X ®c y has a presentation as a composition 


( 2 . 6 ) 




0 <g>V’ 


■ X'a < 8 > a~ l Y' 


°a,X'Y’ 


X' <8> Y' 


for some object a £ C, and morphisms (f, if in X, 33 respectively. Alternatively, t can also be 
written as (ft < 8 > if') o Y , for some other ft, if ', a'. 

Proof. By definition, a morphism r of X( 8 >eT is a string of symbols, each one of two types: associator 
morphisms a, and tensor morphisms (f®if. Since a composition of two tensor morphisms is another 
tensor morphism, a word representing a general morphism can be reduced until the associators 
occurring in it are each separated by one tensor morphism (possibly the identity). Then as long 
as there remain at least two associators in the presentation of r, Lemma 1231 applies, and each time 
the number of associators can be reduced by one. The process necessarily ends with a presentation 
of the form (ft ® ft) o a o (ft <S> ft). 

Then to finish the proof it suffices to show the claim for a morphism of the form (cf ® if) o a. 
Assuming a = ax,a,Y and <f®if\X < 8 > aY —)■ X' < 8 > Y', this follows from the commutativity of the 
diagram 


&X,a,Y (jXgl'lb , , 

Xa ® Y - X®aY -—- X ® Y 


1 Xa®P a ) Y ' 


U) v —1 v 
X,a x ,aY 


UJ X f ,a,a~ 1 Y 


l^;/0/X a —1 Y > 


Xa®a 1 (aY) 


4>a<g)a 1, 0 



■ X'a ( 8 > a _1 y 


a X',a,i I- 1 !'' 


X' ® a(a~ 1 Y') 


The commutativity of the two triangles on the left and right follow from instances of (12. 4L The 
middle square is itself an instance of (|2.5p . 

In case a is of the form a' x a Y , a similar diagram gives a nearly identical presentation for (cf < 8 > 
if) oa, wherein a is replaced by a -1 . The alternative presentation of r in the form (ft ®if')ouj) i i 1 x Y 
results from yet other similar diagrams, with directions reversed. □ 


Now we consider the case where X in X < 8 >c y is a groupoid, and 3* is fibred in groupoids over 
a base. We show that X < 8 >c 3^ is also fibred in groupoids, under some general conditions which we 
now define. 


Definition 25. Let p : y —> S be a functor, and C a monoidal category acting on y on the left. 
Then C is said to act fibrewise on 3^, if p is a coequalizer in the diagram 

C xy - i:y^^s, 

Py 

and if p sends the associators and unitors of the action of C to identity morphisms of S. Here □ 
denotes the action of C, and py is projection onto the second factor. 

Definition 26. The left action of a monoidal category C on a category y is said to be free on 
objects if whenever aY ~ bY in y for some Y £ y, and a, b € C, then a ~ b in C. 

One can define a free action on the right analogously. These definitions appear essentially in 
[7] and [23 pp. 339-340], though neither spell out the behaviour on associators and unitors for a 
fibrewise action. 

Recall that a category is called left-cancellative if all its morphisms are monic. We introduce the 
following relative version. 
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Definition 27. A category y lying over S via n : y —> S is called left-cancellative over S, if 
for any morphism h : Z —> X in 3*, and any pair of morphisms / : X —>• Y and g : X —>• Y such 
that 7r(/) = 7r(p), we have / = g whenever ho f = ho g. 

Lemma 28. A category fibred in groupoids y —> S is left-cancellative over S. 

Proof. Let / : X -A Y , g : X -A Y , and h : Z —> Y be morphisms in 3*, and suppose / o h = g o h, 
with / and g lying over the same morphism in S. Since y is fibred in groupoids, every morphism 
of y is cartesian. In particular / is cartesian, hence exists a unique morphism p : X —> X lying 
over Is such that g = p o f. Then we have foh = pofoh. Since / o h is also cartesian, p is also 
the unique morphism X —> X over idg satisfying foh = pofoh. As lx already satisfies this, 
p = lx, therefore g = f ■ □ 

Proposition 29. Let X be a groupoid on which a 2-group C acts on the right, and p : y -A S 
a category fibred in groupoids on which C acts on the left fibrewise and free on objects. Suppose 
furthermore that X < 8 >c 3^ is left-cancellative over S. Then X gc y is fibred in groupoids over S via 
7 r : X g > c y —t S defined by 

7 t(X ®Y) =p(Y), Tr((p®ip) = p(ip), 7r(ax,a,v) = p(ly)- 

Proof. Let a : T —> S be a morphism in S , and X g Y an object in X g^ y over S. We must first 
show that a lifts to a morphism in X (g>e y with target X g Y. Now Fg 3 lies over S £ S. Since 
y is fibred in groupoids over S , there exists an object by G 3 over T and a morphism ip :Yp —tY 
lifting a. Therefore lx < 8 > ip '■ X < 8 > Yp —>• X ® Y is a morphism lifting a to X iS>c 3^ • 

Now suppose / : X' ® Y' —> X (g> Y lies over a : 5' —>• S, and g : X" ® Y" -A X (g> Y over 
/3 : S" —> S. Suppose 7 : S' -A S" satisfies f3 o 7 = a. We must show there exists a unique 
morphism h : X' <g> Y' —> X" ® Y" lying over 7 , such that g oh = /. 

Using the alternate presentation of a morphism given in Proposition 1 2M we can write / = 
(<j/ (g) 7 //) o ui a where oo a : X' <g) Y' —> X'a g) a^Y' is a canonical isomorphism for some a £ C, and 
similarly g = (f" g> ip") o uy, for some b £ C. Then 7 r(u; a ) = I 5 / and 7 r(o i\f) = lg» since C acts 
fibrewise on 3^, and so <p' g ip' and cp" g ip" are also lifts of a and /3 to X g c T- Since ui a and cob are 
isomorphisms, we have g o h = / if and only if (cp" g ip") o h' = ( cp' g ip’), where h' = uib ° h o uf 1 . 
Therefore it’s enough to assume / = <p' g ip' and g = <p" g ip ", and show there’s a unique h lying 
over 7 such that ( cp" g ip") o h = cp' g ip'. 

We have p(t/’ / ) = 7 r(<// g ^/) = a , and p(ip") = tt(<P" g t/’ // ) = f. As T is fibred in groupoids 
over S, there exists a unique lift r/ : Y' —>■ Y" of 7 to y, such that ip" 07 = ip'. Now, the maps 
cp' and cp" are isomorphisms since A is a groupoid. Hence, setting £ = cp //_1 o cp', we obtain a map 
£g?? : X'®Y' -A X"®Y" lifting 7 , which satisfies the desired property (cp"(dip") o (p®rj) = <//g ip'. 
If h \ X' g y' —> X" g y" is any other lift such that go/i = / = go(£g?y)we have h = £ g 77 since 
A g c T is left-cancellative over 5. This shows the lift we constructed is unique, which finishes the 
proof that A gc A is fibred in groupoids over S. □ 

3. Application to Moduli Spaces of Abelian Schemes. 

In this section, using the results from §1, we apply the Serre tensor construction to certain moduli 
spaces of polarized abelian schemes related to PEL Shimura varieties. In the complex case, we show 
that we can construct all objects of the relevant target moduli space in this way. Over a general 
base scheme, using deformation theory we show that all abelian schemes in the target family can be 
constructed etale locally on the base. These results are formulated as an equivalence of categories 
in the complex case, and an isomorphism of stacks in general. 

3.1. The moduli space Let K be a CM-field of degree 2 g over Q, $ a CM-type for K, and 
n > 0 an integer. Let L be the reflex field of (K, <3?). By Ok, resp. Ol , we denote the ring of 
integers of K , resp. L. We define a moduli space over SpecO^ as follows. 
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Definition 30. For a locally noetherian scheme S over Speedy, A4$(S) is the category whose 
objects are triples ( A , l, A) where: 

• A is an abelian scheme of relative dimension ng over S. 

• i : Ok Ends (A) is an injective ring homomorphism taking complex conjugation on Ok 

to the Rosati involution on Ends (A) q. 

• A : A —> A v is an d/^-linear principal polarization. 

In addition, the triple (A, l, A) is required to satisfy the following ideal condition. Let the ideal 
be the kernel of the map 

(3.1) 0 K ®0 L ^l[<C^\ (a <g)/3)^ (</»(«)•/%• 

</>e$ 

Here denotes (C, considered as a /v-algebra via : A' 4 C. We require that the action of 
Ok <8> Ol on Lies (A) satisfy 

(3.2) J$Lies(A) = 0. 

The morphisms of A4$(S) are defined to be O^-linear isomorphisms of abelian schemes preserving 
the polarizations. 

The functor S i-4 A d$(S) defines a category fibred in groupoids over the category Sch/ 0i of 
locally noetherian Os-schemes. It is representable by a Deligne-Mumford stack over Spec Os, 
which we also denote by AdJ. When n = 1, it is an integral model of the stack of principally 
polarized abelian varieties with CM by (K, $). 

We first show AdJ is etale and proper over Spec Os (Theorem 1351). generalizing results of B. 
Howard for the n = 1 case [101 Theorem 2.1.3], as well as for K quadratic imaginary [9 4 Proposition 
2.1.2]. Our proof is essentially the same, using the deformation theory of abelian schemes. The key 
to adapting Howard’s proof is the ideal condition, which we now discuss. 

In order to obtain a well-behaved moduli space, one typically imposes restrictions on the action 
of i{a) induced on Lies (A), for all a £ Ok- For instance to obtain integral models of PEL Shimura 
varieties attached to unitary groups of a certain signature, one may impose a corresponding signa¬ 
ture condition by prescribing the characteristic polynomial of i{a) acting on Lies (A). For us, the 
relevant abelian schemes are those that are, over <D, isogenous to the nth power of a CM abelian 
variety of type <F. The corresponding signature condition is then 

(3.3) charpoly(i(a)| Lies ( J 4),X) = (X - ^>(a)) n , 

where the right hand side is identified with its image under the map Ol[X] —> Os[X\ induced by 
the structure morphism S —» Speeds. 

However, over characteristic p > 0 for p is ramified in K, the signature condition is not restrictive 
enough, since in that case some of the different embeddings (f) £ coincide. For example, let K 
be quadratic imaginary, so that L = I\ and <h consists of a single embedding (f> : K t —> <D. Let S 
be a scheme over Speedy of characteristic p. where p is ramified in K. Then for any a £ Ok, 
a and a a have the same image under Ok —>• Os, so that </> and <pa are indistinguishable through 
the Ok- action on Os, and the signature condition is always satisfied. This is a general defect of 
the signature condition that causes the moduli space to acquire vertical components over ramified 
primes p, and so fail to be flat over Speedy- 

For K quadratic imaginary, the wedge condition of G. Pappas [21], formulated using exterior 
powers of t(a) acting on Lies (A), is one approach to fixing the defect over ramified primes. The 
resulting moduli spaces are expected to be flat in general, and this has been verified in important 
special cases. The wedge condition corresponding to the signature condition (13.31) is simply t{a) = 
4>(a), i.e that the two actions of Ok on Lies (A) should coincide. The resulting moduli space is 
then proper and smooth over Speedy, of relative dimension zero [9, 2.1.2], However, it’s not clear 
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how to extend the wedge condition to the general CM case, since when L I\ there is no way to 
directly compare the actions of Ok and Ol- 

For all CM fields K. the ideal condition (13.21) fixes the above defect for the specific signature 
condition (13.31) . which we are interested in. It is equivalent to (13.31) if n = 1, or if S has characteristic 
is 0. In general it implies (13.31) (see Corollary 1331) . 

If A G 2W|,(5), so that it satisfies the ideal condition, and M is a projective finitely presented 
Ox-module, then M ®o K A also satisfies the ideal condition (by Lemma [3]). This show that if we 
want A4f to consist of objects arising from the Serre construction (at least etale locally), the ideal 
condition on Mf is necessary. On the other hand, we would like ATJ to have desirable properties 
such as flatness. We will show that for this purpose the ideal condition is also sufficient , in the 
sense that M.f as defined is etale and proper over SpecO^ (Theorem [351) . This fact is key to the 
proof of the main theorem in the last section. 

First we expose some basic properties of the ideal J$. Following the notation of HD], let Lie$ 
denote (Ok (g> 0£)f </$, so that there’s an exact sequence of Ok © CR-rnodules 

(3.4) 0-9- -s- Ok © Ol -■*- Lie$-0 . 

Since Lie<j> may be identified with the image of the map (13.11) . it is torsion-free, hence projective as 
an O^-module. Then the above sequence splits, as a sequence of 0L-modules. In particular «/$ is 
a direct 0/,-module summand of Ok ® Ol- 

Recall that a : Ok —> Ok denotes complex conjugation. We will also use it to denote the 
CR-linear automorphism it induces on Ok <8> Ol- 

Lemma 31. The ideal satisfies the following properties: 

(a) J* Jf = (~l Jf = 0 

(b) J<j> is a projective OL-module of rank g (where 2 g = [K : Q]J. 

(c) Suppose T is a local OL-algebra, and D is a free (Ok © T)-module of rank n. Then J$D 
is the unique direct summand of D as a T-module, that is Ok- stable, has rank ng over T, 
and satisfies J$(D/M) = 0. 

Proof. For an embedding ft : Ok ^ C, let <f>L '• Ok © Ol —> C denote the ring homomorphism 
ol © ft i-a ft(a)ft. By definition, an element x G satisfies 4>l(x ) = 0 for all <f> € <f>. Similarly, for 
x £ Jf = J<j><t we have 4>l(x) = 0 for ft G 4>cr. It follows that for x £ D Jf,, we have 4>l(x) = 0 
for all embeddings ft : Ok ^ <C. But the map 

O k ®O l ->• (« <8> ft) >©■ (ft(a)ft)^ 

cf>:0 K ^<C 

is injective, so x = 0, which shows D Jf = 0. Since Jf C n Jf, this proves (a). 

For (b), we first note that Ok®Ol is free of rank 2 g over Ol- Since is an 0/,-submodule of 
Ok © Ol, it is torsion-free, and hence projective. To verify its rank, we show that the dimension of 
jf = © Q as a vector space over L is equal to g. Let L be a finite extension of L in C containing 

the image of all embeddings K C. It’s then enough to check that dim^ </£ ©/, L = 9- Now note 
that a : J<j> —> J$, a is an isomorphism of 0/,-modules, so that dim/, -if = dini/,( j£ CT ). We claim 
(jf © J^ ff ) I = K <S>L as vector spaces over L. Since dirri^ K ©q L = 2 g, (b) then follows. Now, 
we have an isomorphism 

K®L^Y[lMx Y[ZW, oc®ft^((ft(a)ft) (j> €$> (ft' ( a ) ft) 4/e® a) i 

06$ 4>'e$cr 

where each is a copy of L, viewed as a A'-algebra via ft. Let e± = (1, ■ ■ ■ , 1,0, ■ ■ ■ ,0) and 
^2 = (0, • • • , 0,1, • • • , 1) be elements of the right hand side above, such that e\ + e^ = (1, • • • ,1). 
Then the corresponding elements e\ and 62 in K © L are idempotents satisfying e± + 62 = 1 and 
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£162 = 0, with e± € ®l L and €2 € ®l L. It follows that e\{I\ ® L) = ®l L and 
£ 2 (K ® L) = J® ®l L, and that J%®l L + J$ a ®l L = K ® L. By part (a), the sum + J^ a is 

direct, therefore so is ®l L + ®l L, from which it follows that (j£ © J^ a ) ®l L — K ® L. 

For part (c), recall that J* is a direct summand of Ok ® Ol as an (Rs-module, since as such 
the exact sequence (13.411 is split. It follows that J$D is a direct summand of D as a T-module. 
As it is isomorphic to J${Ok ® T) n = (J* ®o L T) n , by (b) it also has rank ng over T, so it 
satisfies the properties mentioned in part (c). Now suppose M is another such direct summand 
of D. The condition J${D/M) = 0 implies J*T> C M. Let J' and M' be T-submodules of D 
complementary to the direct summands J$D and M, so that M © M' = (J*T)) © J' = D. We 
have (M/J&D) © M' = J', and so (M/J&D) © M' © (J&D) = D. It follows that M/{J$D) is a 
projective T-module. But since M and J$D both have rank ng over T, the rank of M/J&D must 
be zero, hence M = J$D. □ 

For an abelian scheme A defined over S, we denote the first algebraic de Rham homology 
H® r {A/S) = 'Homo s (H^(A/S),Os) by Ba(S')- There’s a fundamental Hodge filtration, an 
exact sequence of locally free 05-modules 

(3.5) 0 -A Fil 1 D yl (5) -A B A (S) -a- Lies(A) -a 0. 

When S = Spec T, the above may be identified with an exact sequence of projective T-modules 
by passing to global sections. We will often make this identification when S is affine. 

Proposition 32. Let T be a local OL-algebra with a separable residue field F, S = SpecT, and 
(A,i,X) € Ml(S). Then: 

(a) Ba(S) is free of rank n over Ok ® T. 

(b) The choice of an isomorphism ( Ok®T) u ^a Ba(<S0 leads to an isomorphism of short exact 
sequences 

0-- MO k ® T) n - {0 K ® T) n -- Lie* ®o L T n -- 0 

0-- Fil 1 B A (5)-- B A (S) -- Lies(A)-- 0. 

Proof. For (a), we first consider the case T = F. If the characteristic of F is zero, then Ba(T) = 
7LP R (A/F) is free of rank n over Ok ®F by comparison with Betti homology. If the characteristic is 
p > 0, one first shows that the covariant Dieudonne module D{A ) is free of rank n over Ok®W(F). 
This is proved in [22 , Lemme 1.3], where it is stated in terms of H) ris {A). The result then follows 
by H? r (A/ F) ^ D{A) ® w{w) F. 

Now let T be any local ring with residue field F and S = Spec T. Let Aq denote A©F. We have 
Ba(S')®tF = Ba 0 (F) ~ {Ok® F) n . Let {x\, • • • , x n } be the lift to Bq(S') of an (0^©F)-basis for 
Ba 0 (F), and let {Ok ®T) n —> Ba(<S) be the Ok ® T-linear map sending e* to aq. By Nakayama’s 
lemma for the local ring T, this map is surjective. Let K denote the kernel. Since Ba(S') is 
projective over T, we have {Ok ®T) n ~ 7L©Ba(<S'), which shows K is also projective, hence free. 
Now applying - ®t F to the isomorphism {Ok ® T) n ~ K © Ba(S’) shows that K ®t F = 0, which 
implies K = 0 by considering rank. Thus the map {Ok ® T) n —> Ba(S’) is also injective, hence an 
isomorphism. 

For part (b), note that since {Ok ® T) n = {Ok ® Ol) ®o l T n , the hrst row can be obtained by 
tensoring (13.41) with T n over Ol, so it is exact. The ideal condition J* Lies (A) = 0 and the exactness 
of the second row together imply that the composition J$(Ok ®T) n —> {Ok®T) u —> Ba(<S 0 lands 
in Fil 1 BA(<S’), providing the map on the left. Exactness of the first row then provides the map on 
the right. As Lies(A) is a projective T-module of dimension ng, Fil 1 BA(<S) is a direct summand 
of Ba( 5') satisfying the conditions in Lemma HTlT c) . so it must coincide with J*Ba( 5’), which is 
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the image of J$(Ok <8 )T) n in D^(5). Therefore the map on the left is also an isomorphism. Then 
since the vertical maps in the middle and the left are isomorphisms, so is the one on the right. □ 

Corollary 33. Let S be a scheme locally of finite type over Spec Ol, and, (A, i. A) £ M$(S). Then 
for each a £ Ok, 

charpoly(i(a) | Lies(j 4 ), X) = - fi(a)) n . 

(f >&L 

Proof. The assertion is an identity of global sections of Os[X], the given polynomial being identified 
with its image under Ol[X] — > Os[X], Since such an identity may be checked at the stalks of 
Os[X\, we may assume S = SpecT, where T is a local O^-algebra. Furthermore, since S is 
locally of finite type over SpecO^, the residue field of T either has characteristic zero, or is a finite 
extension of the residue field of a closed point in SpecO^. In either case, it is separable. Now by 
Lemma l32l b) . Lies(A) is isomorphic to Lie# <S>o L T n as an Ok <8> T-module. The characteristic 
polynomial of a € Ok acting on Lie# can be seen to equal n^g#(^ — ^( a )) using the isomorphism 
Lie# (g> Q ~ U^KWl. The image of the same polynomial under Oj\X\ —> T[X] gives the 
characteristic polynomial of a £ Ok acting on Lie# ®o L T. Therefore a £ Ok acting on Lies (A) ~ 
Lie <S>o L T n = (Lie ®o L T) n has characteristic polynomial W,p e ^{X — cj>(a)) n . □ 

We now turn to the deformation theory of abelian schemes to prove AdJ has the expected 

properties. Let us fix a point y £ Spec0L. The etale local ring Of\, of SpecO^ at y is the 
completion of the ring of integers of the maximal unramified extension of Oj jy . Following the 
notation of CD!, we denote it by VF#. Its residue held, a separable closure of k(y), will be denoted 
F. Let C# be the category of complete local noetherian TF#-algebras with residue held F, and A# 
its subcategory of artinian rings. The relevant facts from deformation theory of abelian schemes 
m Ch. 2] are summarized as follows. 

Let T' -» T be a surjection in C# with kernel / satisfying I 2 = 0. Set S = SpecT and S' = 
SpecT'. An abelian scheme A/S always lifts to some abelian scheme A!/S ', and for any such A' 
there’s a canonical isomorphism B^/(S") T = B^S 1 ). Furthermore, the T'-module B^/(S") is 
up to canonical isomorphism independent of the choice of the lift. For convenience we hide away 
the canonical isomorphisms, erasing A' from the notation and writing B j 4 (S' / ) instead of B j 4 '(5 / ). 
The submodule Fil 1 B J 4 '(S / ) of B^S") on the other hand does depend on the choice of the lift, 
and determines it completely. More specifically, there is a bijection between lifts A'/S' of A/S, 
and projective T'-submodules M of B^S") such that M ®ti T = Fil 1 B J 4 (<S’) via the isomorphism 
B a(S') ® t , T B A (S). 

Let A'/S' be a lift of A/S. For an element cj) £ Ends(A), the induced T-module endomorphism 
of Bn (-S') lifts canonically to a morphism </>* : Da(S') —> B a(S'). Then lifts (uniquely) to an 
endomorphism of abelian schemes fi' : A' —> A' if and only if leaves the corresponding T'- 
submodule Fil 1 Bn , (5 / ) invariant. In particular, an Ok -action i : Ok ^ End 5 (A) lifts (uniquely) 
to an Ok -action l' on A' if and only if Fi^ 1 Bn'(>S ,, ) is an O/v-submodule of Bn(5 ,/ )- 

A polarization A : A —> A v induces a symplectic pairing ( , )\ on B^(S’) which lifts to a pairing 
on Bn(<S’ / ), denoted ( , )' x . Given a lift A'/S' of A/S, A lifts (uniquely) to a map A' : A' —> A ,v 
if and only if the submodule Fi^Bs^A/) of Ba(£' / ) is totally isotropic for ( , }' x . In that case X' 
is a polarization for A', and it is principal if A is. If A has an O^-action that lifts to A' and A is 
Ok- linear, so is A'. In addition, the Rosati involution induced by A corresponds to the adjoint for 
the pairing ( , )' A , so that ( ax,y)' x = (x,a a y)' x for all x, y £ Ba(<S' / ), a £ Ok- 

Putting the above facts together, we see that lifting a triple (A, i, A) over S to (A', l', A') over S' is 
equivalent to lifting the Hodge filtration Fil 1 Bn(*S’) of A to an Ok -stable projective T'-submodule 
of Bn(<S ,/ ) that is totally isotropic with respect to the pairing ( , )' x . Such a lift satisfies the ideal 
condition if and only if J#Byl(5 , ) C Fil 1 B J 4 '(S' / ). 
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Proposition 34. Every object in ,A4$(F) lifts uniquely to A4$(T), for all T G 

Proof. Every T in is an inverse limit of its quotients, which are artinian rings in A§ C C<j>. 
Then it’s enough to show the claim for T G A$, since A4$ is an algebraic stack for which formal 
deformations are effective. Each such artinian ring has a surjective map to F which is a composition 
of finitely many surjections in A$, with square-zero kernels. Therefore it suffices to show that for 
a surjective map T' -» T in A& having square-zero kernel, with S = SpecT and S' = Spec T', 
every object {A, l, A) of A4$(S) lifts uniquely to an object of A4$(S'). For such an object (A, l, A), 
we have the Hodge filtration of projective T-modules (13.51) . By Proposition l32l Fi^D^S 1 ) is the 
T-submodule J^Da(S) of D^S 1 )- For the same reason, any lift {A 1 , t', A') of {A, t, A) to S', if such 
exists, would have Fil 1 D J 4 '(>S' , ) = J$T>a'(S') = J$Da{S'), and would therefore be unique, by the 
deformation theory outlined above. 

Now we claim M = J$Da(S") C IDa(S') does indeed correspond to a lift of (A, i, A) to S’. It lifts 
the Hodge filtration since MT = J$Da(<S' / ) < 8 >t' T — which is equal to Fil 1 D y i(S') as 

we have just noted. Since M is O/v-stable, the pair (A,i) lifts (uniquely) to a pair (A',i'). Since 
J$Da(<S ,/ ) C M. the pair (A',l') satisfies the ideal condition. It remains to show that M is totally 
isotropic for ( , )' A . For x,y € D a(S') and r, s € J$, we have 

{rx, sy)' x = ( s a rx , y)' x = 0 , 

since s a r = 0 by Lemma l3Dfa). □ 


Theorem 35. The stack Al§ is etale and proper over Speedy. 


Proof. Let F be a separably closed field, and x : SpecF —> Ai% a geometric point of A4J. Let 
y : SpecF -A Spec Ol be the underlying geometric point, with image y G Spec Ol. Fix a surjective 
etale morphism M —» A4 from a scheme M. Then x lifts to a map SpecF —> M with image x € M 
lying over y G Spec (Ol), and M —> Spec(Oi) induces a map of etale local rings Off —> Off x . To 
show AVf, Spec(Oi) is etale, it’s enough to show the induced map on completions 


O 


sh 

L,y 


-A O 


sh 

M,x 


is an isomorphism. The ring Off y , which is the completion of the ring of integers of the maximal 

unramified extension of Ol, v , will be denoted W<i> as before. The ring Off , which is up to 
isomorphism independent of the choice of M —» A4$, will be denoted Rm- 

The geometric point x lifts uniquely to a map SpecF —>• Specii/K, whose image lies over x G M. 
The image of the corresponding ring homomorphism Rm —> F is the separable closure F' of the 
residue field k(x) of Om,x i n F. Then SpecF —> Spec Rm factors uniquely through SpecF —> 
SpecF', so it is harmless to assume F itself is the residue field of Rm- Then since M —> Spec Ol 
is locally of finite type, F is also the residue field of W§. 

Let be the category of complete local noetherian IF$-algebras with residue field F. If 
(A x , t x , X x ) G A4J(F) corresponds to x : SpecF — > Ai$, then for any T GC$, the set Hom^)!?^,!) 
corresponds to lifts of (A x ,i x , X x ) to A4$(T). By Proposition 1341 there is a unique such lift for 
every T, hence a unique morphism Rm — > T of VF<j>-algebras. In other words, Rm is an initial 
object of C<j>. Since W$ is also an initial object, the map IL$ —> Rm must be an isomorphism. This 
proves Ai§ —> SpecO^ is etale. 

The fact that A4$ is proper over Spec0L follows from the valuative criterion of properness. The 
proof is identical to the quadratic imaginary case in m Proposition 2.1.2]. It amounts to showing 
that for k the fraction field of a discrete valuation ring, a triple (A, t, A) defined over Spec k in Ai$ 
has potentially good reduction. In the unequal characteristic case this follows from the fact that 
the objects in _A4J(<D) are isogenous to powers of CM abelian varieties. In the equal characteristic 
case it follows from what we have already shown, that A4$ is etale over SpecO^. □ 
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Next we begin the systematic construction of the morphisms and objects of 

3.2. Serre construction of the morphisms. Let (K , <L) be, as in the previous section, 

a CM-field of degree 2 g over (Q, and set R = Ok- Let Herm n (R) denote the category of pairs 
(M, h ) consisting of a projective finitely presented R-module M of rank n, and a non-degenerate 
positive-definite R-hermitian form h : M —> M v . It follows from Theorem 1 171 that given an object 
(A, t, A) of and another ( M,h ) of Herm n (R), the triple 

(M <S>r A, t <g> 1a, h <g> A) 

is well-defined. We will denote this object by 

(M, h) <g) ( A , l, A). 

Since R is commutative, M <S>r A has a natural R-action, and the O^-module isomorphism 
Li es(M <£)r A) = M <S>r Lieg(A) of Lemma[3]is R-linear. It follows that since A satisfies the ideal 
condition, so does M <g># A. Hence, (M, h) <g) (A, i, A) is an object of A1$(S). 

It follows that the 2-group Hermi(R) acts on A4$(S) on the left via the Serre construction. It 
also acts on Herm n (R) on the right via ordinary tensor product. Thus, as described in §2, we can 
form the the tensor product category 

Herm ri (R) ® H erm 1 (.R) ■Ad$(S'). 

To avoid confusion with the Serre construction, we denote the objects of this category by 

(M, h) H (A, l, A). 

Likewise, we denote the pure tensor morphisms in the same category by f M cf>. There is then a 
functor 

: Herm n (R) 2) H erm l( R) -K(S) —>• Ml(S), 

given on objects by 

S 5 : (M, h) Kl (A, t, A) eA (M, h) ® (H, t, A), 

sending morphisms / Kl </> to f ® (j>, and mapping associator isomorphisms to their counterparts. 
The purpose of most of this section is to prove the following. 

Proposition 36. The functor S 5 : Herm ri (R) < 8 >Hermi(R) -A / fi(5') —> A4$(S) is fully faithful. 

To prove this, we will first characterize the morphisms in that are in the image of the functor 
Tis, and then compare our result with the description given in §2 of the morphisms of the category 
Herm n (R) <8> H ermi(R) -^(S’). 

For general abelian schemes A and B over a connected base S, and a point s G S, by the rigidity 
lemma of [TUI Ch. 6 ], the map Homs(Al, B) — > Hom fc ( s )(H s , B s ) given by base change to the fibre 
at s is injective. For R-linear maps of abelian schemes in A / 1^(S'), we have the following. 

Theorem 37. Let S be a connected locally noetherian OL-scheme, let (A,i, A), (B,j,n) € 

and suppose Hom^A, B) / 0. If k is a field, s = Spec (k) and s —>• S is a morphism over SpecOi,, 

the base change map Hom^(H, B) —> Hom/j(H s , B s ) is bijective. 

Proof. By the rigidity lemma of [191 §6.1], the map in question is injective, so we must prove 
surjectivity. 

Let so denote the image of s —> S and ko = k(so). First we show that we can replace s —>■ S in the 
statement with Spec(L’o) —> S. We recall the standard argument showing every R-linear morphism 
<f : Ak —> Bk is already defined over k^. For this we can replace k with an algebraic closure, since 
that can only increase the set of morphisms Ak Bk- Let l denote the separable closure of ko in k. 
Any morphism of abelian varieties over fco can be defined over a finite separable extension of k o- It 
follows that Hom(Afc,Rfc) = Hom(A/,R;) and that Gal(//fco) acts on the latter continuously. Since 
the injective map Horn R(Ak 0 , Bk 0 ) —» Hom/?(Afc, Bk) is one of rank-one projective R-rnodules, it 
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has a finite cokernel. Then there’s a positive integer n, such that given any H-linear fc-morphism 
4> : Ak -A Bk, the morphism ruj) is defined over k q. In other words, for any a £ Gal(///co), we 
have ( nct>) a = ruj). Then n((j) a — (f>) = 0, since the multiplication-by- n map is defined over Uq. That 
implies cj) a = q i, since Horn n(Ak,Bk) is torsion-free. Thus <fi is Gal(i/fco)-invariant, so it is defined 
over ko . That proves we can assume s € S, k = k(s). 

Next we claim that the functor H : Sch/g —> Ab, U i-a Horn r(Au, Bjj) is representable by an etale 
5-scheme. Let'Ho : Sch /5 -A Ab denote the hom sheaf U i-A Homs c h /[ 7 (A^, Bjj). Ho is representable 
by a scheme, since A and B are finitely presented and flat, and the polarized abelian scheme A 
is projective over S. Ho is also a group scheme, since the functor takes values in abelian groups 
and the restriction maps are group homomorphisms. The kernel of the “evaluation at identity” 
map Ho —>• B, is a group scheme representing the functor Hi : Sch/ s —> Ab, U i-A Hom u(Ajj, Bjj), 
which takes values in homomorphisms of abelian schemes. Let tt,--- ,r n be generators of R as 
a free Z-module of finite rank. Consider the group scheme homomorphism Hi -A H” whose zth 
coordinate map Hi -A Hi sends a H-valued point cf>n : Air -A Bjj to ju(i"i) 0 4>u ~ 4>u 0 £y(rj). The 
kernel of Hi —> H" is the group scheme representing the functor H. 

To show that H is etale over S amounts to showing that the morphism H -A S is formally etale, 
and locally of finite presentation. First we show it’s formally etale. 

Let To A T be a closed immersion of 5-schemes defined by a square-zero sheaf of Or-ideals. 
Let (u : At 0 -a Bt 0 ) £ H(To) be an H-linear morphism of abelian schemes. We must show 
that u lifts uniquely to an H-linear morphism u : At -A Bt■ The uniqueness is automatic by 
infinitesimal rigidity m Lemma 2.2.2.1], so we must show existence. For any such u, the induced 
map w* : ©, 4 (^ 0 ) —» Db(To) on de Rham homology lifts uniquely to a map u* : D^(T) —» Dg(T) 
of CH-modules {131 2.1.6. 4], The morphism u lifts to a u : At -a Bt if and only if u* respects the 
Hodge filtrations p3, 2.1.6.9]. By Proposition l32l we must show u*(J$D^(T)) C J$Ds(T). This 
follows from C R 0 Ol, and the fact that u* is H ( 8 ) CH-linear. It is H-linear since u is, and 
0L-linear since it’s a morphism of CH-modules and the action of Ol is via Ol -a Os -a Ot- This 
shows H -A 5 is formally etale. 

To show H -A 5 is locally of finite presentation, let {Tj}j g / be a filtered inverse system of affine 
5-schemes, and put T = lirri T t . We must show lim H(Tj) = H(T). 

Note that we can assume T and T % are all connected. That’s because if T = ]J T Q is the connected 
component decomposition of T, it induces a decomposition of the maps T A T, and T, -A Tj into 
maps on connected affine schemes T a -a T a ^ and T a ^ -a T a j which are all compatible for each 
fixed index a. It’s easy to check that T a = limT a .j. Since H(T) = {JHITq,), it’s enough to show 
H(T a ) = limH(T a; j) for each a. Thus we assume T, Tj are connected. 

We fix an H-linear isogeny ifi : B -a A, which exists since Hom/j(A, B) 7 ^ 0, and A,B are CM. 
For any connected 5-scheme U we define 

tjj : H(H) -A H, (ip : Ajj -A Bjj) i-A 0 t f)i 

which is injective since each 'ifjjj is an isogeny, and for U connected ljj : R —> End/?(Ay) is an 
isomorphism. Then the maps 77 ^ identify {H(Tj)}j g / with a filtered direct system of ideals of 
H where the transition maps are inclusions. Any such system is eventually constant since H is 
noetherian. Thus there exists an index j £ I such that limH(Tj) = H(Tj) and H(Tj) -A H(T) 
is an isomorphism. This shows H —> S is locally of finite presentation. Since it is also formally 
etale, H -A 5 is etale. Furthermore, H —> S is also surjective, since it admits a section, namely the 
identity section of H as a group scheme. 

It follows that there is a universal morphism <f> : An -A Bn, and that the given H-morphism 
cj) s : A s -a B s is obtained from it by base change via a unique 5-scheme morphism p s : Spec£;(s) —> 
H. Let u £ H be the image of this morphism, and U C H a connected open subscheme containing 
u , so that we can consider p s as a map SpecA;(s) -A U. Then the restriction <3?y : Ajj -a Bn of 
the universal morphism <f> is a lift of cf> s : A s -a B s to an etale neighbourhood ( U,u ) of (5, s). If 


SERRE’S TENSOR CONSTRUCTION AND MODULI OF ABELIAN SCHEMES 


27 


V C S is the open image of U —> S, we claim that &u descends to a map fa '■ Ay -A By. Let 
fa, fa G Buxu) denote the pullbacks of <J >jj via the two projections U x U -A U. 

We must show fa = fa. Since the map Hom^j(Al, B) -A Hom/?(A s , B s ) is an injection of rank-one 
projective i?,-modules, there’s a positive integer n such that n(j) s : A s -A B s lifts to a morphism 
fa : A -A B. Then the base change fa v : Ajj —> By of fa via U -A S must coincide with nTfj, 
because they both lift n(j) s , and U is connected. Let fa , fa 2 G HomfaAuxU, Bu x u) denote the 
two pullbacks of fa v via the two projections U x U -A U. Since fa v descends to an S'-morphism 
fa : A — > B, we have fa x = fa 2 . Since fa v = n$>u, that means nfa = nfa, so that n{fa — fa) = 0 
in YLomfaAuxUi Bu x u). As the latter is torsion-free, we have fa = fa , so that d>(y : Ajj —> Bjj 
descends to a map fa : Ay -A By extending (j) s : A s -A B s . 

We have shown that a given morphism fa : A s -A B s defined at a point s € S can be extended 
to an open neighbourhood V C S. Next we show it can be extended to all of S. Let r G R denote 
T s fas) = fa 1 {fas ° fas) where ip : B -A A and t s are as before. We dehne the subset S r C S by 

S r = {x G S : 3fa G Hom R (A a; , B x ), r x {fa) = r}. 

We claim that it’s enough to show S = S r . By what we have already proved that would imply 
there is an open cover {V a } ae i of S consisting of connected open subsets of 5, such that over each V a 
there exists a morphism fa : Ay a —> By a with ry a {fa) = r. To show that all these morphisnrs glue 
together to a single morphism 4> : A —> B we need to show they coincide on overlaps V a p = V a fl Vg. 
Suppose (j) a : Ay a —> By a and (j)fj : Ay p By p are two such morphisms extending fa : A x —> B x 
and fa : A y —^ B y for x G V a and y G Vp, and that V a p fa 0. Then for any connected component 
U of V a p we have Tu(fa\u) = T v a {fa) = r = Ty^fafa = Tjj{(/>p\u)- Since tjj is injective, that shows 
fa\u = fafau and it follows that <pa\v afi = v a p as required. Then the family {fa} a <=i glues to a 
single morphism 4> : A —>■ B which extends : A s —>• B s . 

It remains to prove S = S r . First we assume S is irreducible. Since S r is a non-empty open 
subset of S, it contains its generic point r/. Let x G S be any other point. Then there exists 
a discrete valuation ring D and a map Sped) —> S such that the generic point rfy of Sped) is 
mapped to rj, the special point xq is mapped to x. and the extension k{rjo)/k{xo) is identified with 
k{r])/k{x). For simplicity we pretend r/o = rj and xq = x. Let Ad and Bo denote the base change 
of A and B to Sped). Since Ad and Bd are abelian schemes, they are Neron models for their 
generic fibers A y and B y . Since y G S r , there is a homomorphism fa : A r] B^ over k{rj) such 
that r v {fa) = r. By the Neron mapping property fa lifts to a homomorphism 4>d ■ Ad Bd 
over Sped), with 7s pe cD(</>£>) = T ^{fa) = t. Then base change to the special fiber induces a 
homomorphism fa : A x —>• B x over k{x) with t x { 4> x ) = Ts pe cD{4 , D ) = r, which shows x G S r . Since 
x G S was arbitrary this shows S = S r . 

Now assume S is connected and noetherian, and let Z be an irreducible component. If Z r = Zr\S r 
is non-empty, by the irreducible case we have Z C S r . Then S’ is a disjoint union of two closed 
subsets: the union of the (finitely many) irreducible components intersecting S r and the union of 
the other components. Since the former is non-empty and S is connected we have S = S r . 

Finally suppose S' is a connected locally noetherian scheme as in the statement. Since S r is 
non-empty and open, it’s enough to show it’s also closed. Suppose c G S is a point in the boundary 

of S r . If T is a connected noetherian open subscheme of S containing c, then T r = T fl S r is 

non-empty, therefore T = T r and c G T C S r . Then S r contains its boundary, and is therefore 
closed. Since S is connected it follows that S = S r as required. □ 

Now let S G Sch/o L be connected, and suppose {A,i, A) and {B,j,y) are objects in In 

a moment we will show that the i?-module Hom/j(A,5) can always be equipped with a positive- 
definite non-degenerate if-hermitian structure, by applying the above proposition to reduce to the 
complex case. To do this, we set up a few preliminaries. 
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We have an isomorphism of abelian groups 

(3.6) Hom/j(j4, B) Hom R (B, A), f ha f = f A -1 o / v o p,. 

This isomorphism depends on the choice of principal polarizations A and p, but it is compatible with 
other choices via uniquely induced A-linear automorphisms. Then up to canonical identifications, 
the family of maps / h-> /' defined for each pair A and B occurring in triples in satisfies 

if')' = / and (/ o g)' = g' o f. On each EikIr(A), it coincides with the Rosati involution induced 
by A. Thus we justify the following. 

Definition 38. For / € Hom^(A,B), f £ Hom R (B, A) as above is called the Rosati dual of /. 

The A-linearity condition on principal polarizations implies that the isomorphism (13.611 is R- 
antilinear. It follows that to equip Hom/j(A, B) with a sesquilinear form 

H : Hom/j(A, B) X Hohir(a1, B) —>• R, 

it’s enough to find an i?-bilinear map 

P : Hom^(A, B) x Hom#(B,A) —> R, 

and set RX/ 1 ,/ 2 ) = T , (/o,/{). Such a bilinear map in turn corresponds to an R-linear homomor¬ 
phism 7 r : Hom/j(A, B) ® R Hom^(R, A) —>• R. Then H is non-degenerate if and only if P is a 
perfect pairing, if and only if 7r is an isomorphism. As Hom/j(A, B ) and Hom^(R, A) are projective 
of rank one, that happens if and only if 7r is surjective. The sesquilinear form H is hermitian if and 
only if P(f,g) = P{g' , / / ) tr , and positive-definite if and only if P(f, f) £ R is totally positive. 

If we identify R with End^(A) via 1 , composition of morphisms gives a natural i?-linear map 

(3.7) 7T : Uom R (A,B) ® R Uom R (B, A) R, n(f <g> g) = r l (g o /). 

We note that using j would give the same construction, since in fact 

(3-8) t" 1 (go/)=f 1 (/og). 

Indeed, let s = L~ l (g o /) and assume 3 / 0, the equality being otherwise trivial. Since g is R- 
linear, we have g o f o g = l(s) o g = g o j(s). Since g is an isogeny, that implies / o g = j(s), so 
J l {f 0 d) =s = i _1 (jo/). 

Since 1 maps complex conjugation to the Rosati involution, for / £ Hoiiir(A, B), g £ Hom^(L>, A), 
we also have 

P(sf, f'Y = (<“ V O f')Y = r l {{g' O /')') = r l {f O g) = P(f,g). 

Hence the corresponding sesquilinear form H on Hom/j(A,B) is hermitian. It is also positive- 
definite: for a non-zero <f> £ Hom/j(A, B) we have (f>' o <f = A^ 1 o fp o p o cf. As <f> is an isogeny, 
fp o p o cj) = A o (0' o (f)) is a polarization on A. By Corollary fill (j)' o cf> £ Endi{(A) is positive in 
Ends’(A) ® 1R, and so </>) = 1 (</> / o <fi) is totally positive in R. Now, the map 7 r may not be 

surjective, so the positive-definite hermitian form H obtained this way is not always non-degenerate. 
Nevertheless, we have the following. 

Proposition 39. Let (A,l, A), (B,j,p) £ with Hom^(A, B) Y 0- The image of 

it : Horn r(A,B) ® r Horn r{B,A) -A R, f <g> g H- t~ l {g o /), 
is a principal ideal of R, generated by a totally positive element. 

Proof. Let if £ Horn R (A, B) be a fixed non-zero map, and put N = ° ip). As noted in the 

previous paragraph, A is a totally positive element of R. Define A-module embeddings 

a : Horn r (A,B)^-R, f ha- b~ l (ip' o /), 

/? : Horn r (B,A)<^R, g i-A i _ 1 (c/ o ip), 
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and let c denote the image of a in R. Since t intertwines complex conjugation a on R with the 
Rosati involution on End^(Al), we have 

P(f') = oij)) = i _1 ((^' O /)') = a(f) a . 

Then since / i —> f is a bijection, the image of /3 in R is c CT . We claim that the following diagram 
is commutative: 


Hom R (A, B) Bom R (B, A) — ——-Endft(A) 



c® R e 


x(S>y*->xy 


Nl - 1 

R. 


First, using i?-linearity of and (13.81) we have 

4>ogo f = 4>o i{r\g o /)) = o /)) o 4> = / o g o 4>, 

then using the above 

N vr(/ < 8 > g) = Nb~ l {go f) = r 1 (4’' o i/j o g o f) = o / o g o ijj) = a{f)f3(g). 

It follows that the image of 7 r is cc^IV . Since N is totally positive, this shows the statement of 
the proposition is equivalent to triviality of N K / F ( c) = (cc <T ) n O f in the narrow class group of F. 
As this only depends on the class of c in the ideal class group of K , it’s enough to verify it for any 
fractional ideal of K isomorphic to Hom^(A, B). This we do by reduction to the complex case. 

By Theorem 1371 we can assume S = Spec k, for some algebraically closed field k. If k has 
positive characteristic, by Theorem [35] (in this case due to B. Howard [10| Thm. 2.1.3]), we can 
lift the triples in to characteristic zero. Once in characteristic zero, the standard argument 
of descending to a finitely generated extension of the base field allows us to embed the field of 
definition in C. Thus we may assume A and B are complex abelian varieties. 

The following facts about complex abelian varieties with complex multiplication are taken from 
[25 . IV-V]. We fix an ordering <h = {</>i, • • • , 4> g } of the CM-type <h. For a fractional ideal a C K , 
we set 


(3.9) <h(a) = {(</>i(a), • • • ,<f) g (a)) <E C 9 : a <E a}. 

Then T(a) is a lattice in <D 9 , isomorphic to a as an R-module. Since A and B have CM by the full 
ring of integers R of K. of type <h, there are fractional ideals a, b of K such that A(C) ~ C 9 /<I>(a) 
and B(<D) — <D 9 /3>(b) as complex tori. 

Given an R-linear map <j) £ Homjj(A, B), by passing to the universal cover one obtains an 
R-linear transformation <D 9 —> <D 3 , with the action of r € R on C 9 given by (zi,--- ,z g ) i-a 
(cj)i(r)zi, ■ ■ ■ ,<j)g(r)z g ). The transformation is determined by its restriction to ^(a), which takes 
values in <b(b). Now any ii-linear homomorphism a —>• b must be multiplication by some element 
in ba -1 . Conversely, any such element gives rise to an R- linear homomorphism A —» B. In 
other words, our specific complex uniformizations of A and B provide isomorphisms of i?-modules 
Hom^(A, B) ~ ba -1 and Horn R (B,A) ~ ab _1 . 

The dual abelian variety A w is isomorphic, as a complex torus, to <D s /3>(a*), where 

a* = {x £ K : Ti K/(Fl {xa T ) CS} = (a CT dA') _1 , 

and 5k is the different ideal of RT/Q. An R-linear homomorphism A -a A v then corresponds to an 
element £ £ (ocH^a:) ■ Such a map is a polarization if and only if 

(3.10) C a = -C, and Im^(C) > 0, i = 

where Im( 2 ) denotes the imaginary part of z £ C. In order for the polarization to be principal, £ 
must further satisfy C a = (cH^at) • 
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Now let £ and f be elements of K corresponding to A : A -A A v and p : B —> B v , so that 

Cn = (o ct (5a') _1 , C 'b = {b (T 5 K )~ 1 - 

Then bb ,T (aa <T ) _1 = (CC” 1 )) so that N K / F (b a^ 1 ) is a principal ideal generated by C'C -1 - The 
conditions (I3.10p on f and (’ together imply that (’( _1 is a totally positive element of F. In 
other words, N^/p^a^ 1 ) is trivial in the narrow class group of F, which was enough to prove the 
proposition. □ 

The following corollary is an immediate consequence. 

Corollary 40. Let (A,t, A), (B,j,p) £ Ad^S) with Hom/j(A, B) / 0. If N is a totally positive 
generator of the ideal in Proposition [2S then 

Horn, r(A,B) x YLom R (A,B) -A R, ( f,g ) ha r l (f o g)N~ 1 

is a positive-definite non-degenerate R-hermitian form on Hom/j(A, B). □ 

Now we begin the task of describing the morphisms in A4^(S) between objects arising from 
Serre’s tensor construction. Let ( M,h ), (N,k) £ Herm n (i?) and (A, i, A), (B,j,p) £ Ad$(£), for a 
fixed connected locally noetherian scheme S £ Sch / / C>L . Let 

(3.11) T : (M, h) <g> (A, r, A) -A (IV, k) <g> (B,j,p), 

be a morphism in AdJ. In general, T may not be a pure tensor of the form / ® cf, for any R- linear 
homomorphisms / : M -A N and 0 : A -A B. Furthermore, even when Ik = / <g> (f, the maps / 
and may not be morphisms in Herm n (i?) and Ad^S 1 ), i.e. structure-preserving isomorphisms. 
In that case, the situation is as follows. 

Lemma 41. Let ( M,h), ( N,k ) £ Herm n (i?), and (A, t, A), (B,j,p) € Ad|,(S). Suppose that 
f : M -a N and cf : A -A B are R-linear homomorphisms, such that f <S> (f : (M, h ) ® {A, i, A) —> 
(N,k) (g> (B,j,p) is a morphism in AdJ(S'). Then there exists a totally real unit r £ R x such that 

f : ( M , h) -A (N, r ■ k) and f> : {A, t, A) -A {B,j,r~ l ■ p) 
are morphisms in Herm n (i?) and A4^(5), respectively. 

Proof. Since / <g> <t> is a morphism in AdJ(S), we have 

h® A = (/ <g> <f) v o (k ® p) o (/ (g> <fi) = (/ v ® 0 V ) o (k <g> p) o (/ ® (jf) = (/ v o k o /) (g> (c/> v o p o cf). 
As A is principal, it generates the 12-module HomR(A, A v ), so for some r € R we have 

(3.12) fF o p o (f = r ■ A, h = r • (/ v o k o /). 

Now we have 

M v D im(/ v o k o f) Dr- im(/ v ok o f) = im(/i), 
where im(-) denotes the image of a map. But since h as an isomorphism is surjective, we have 
im(/i) = M v . Therefore the above containments are equalities, and so 

M v = im(h) = r ■ im(/ v o k o f) = rM w . 

By Nakayama’s lemma, M v = rM v implies r is a unit in R. Now, the map <f> : A B is an 
isogeny, so (f v opo(j) = r- \ = \o c(r) is a polarization on A. By Corollary 1111 r must be totally 
positive. 

On the other hand, since r is a unit and A is an isomorphism, so is Aot(r) = f v opo<f>. In particular, 
the isogeny <f> is injective, and is therefore an isomorphism. The map R -A Homjj(A, B ), r ha <f>oi{r) 
is then an isomorphism of H-modules, and by Proposition [2]Jc), so is 

Horn 7 ?(M, N) -A Horn r(M ® r A, N ® R B ), g ha g <%> 4>. 

Since / maps to an isomorphism f ® <f> on the right hand side, it must itself be an isomorphism 
of modules. Finally, as r £ R is a totally positive unit, (. N,r ■ k) and (B^,^ 1 ■ p) are objects 
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of Her in i (R) and A4$(S). The relation (13.121) now shows that / and <j> are structure-preserving, 
hence morphisms in Herm n (i?) and ^4^(5) as claimed. □ 

As noted above, a given morphism \k : ( M,h ) (g (A, i, A) —> ( N,k ) <g (_B,j,/x) in A4$(S) may 
not be a pure tensor of the form ft g 0. However, we will show that it can always be written as a 
composition of a pure tensor with a morphism of a particular type, which we now construct. 

Let (a, a) £ Herrn^i?) and suppose (a', a') £ Hernii(i?) is an inverse of (a, a), meaning there 
exists an isomorphism 

(3.13) k : (a, a) ® R (a', a') —> ( R , 1). 

Let (IV', k') = (N, k) (g R (a, a) and (_£?', A', /_/') = (a', a') (g (H, A, /x). Then we have an isomorphism 

(3.14) 

given on T -valued functorial points by 

(u k )t ■ {N ® R a) <g r (a' ® R B(T )) -A N ® R B(T), (n (g x) <g (y <g t) i-a n <g «(x ®y) -t. 

The map ui K is evidently an i?-linear isomorphism of abelian schemes. In fact, it is also an 
isomorphism of triples, which is to say ui'f o ( k (g p) o lo k = k! (g p!. Verifying this amounts to 
showing the dual of a canonical associator isomorphism (Mo ® R No) ® R Ao -a Mo (g (Nq <® r Ao), is 
identified under Proposition[5]with the canonical associator Mq ®(Nq ® r Aq) —> (Mg' ®Nq)® r Aq . 
This can be checked using the explicit formula for the identification, stated in Proposition [5j 
The morphism uj k above is in general not a pure tensor. Indeed, assume = f <g 4>. By 
Lemma ITTl cf> : B’ = a’ ® R B —> B must be an i?-linear isomorphism, which implies a' ~ R (say by 
considering B-valued points), therefore also a ~ R. This shows if the rank-one projective R -module 
a is not free, the map uj k will never be a pure tensor. 

Suppose we have a general morphism T in A4J of the form (13.111) . We will show that T can be 
written as u K o (/ (g 0). Now, to K depends on a pair of inverse objects (a, a), (a', a') £ Hermi(Oi 1 ')j 
and an isomorphism k is as in (13.131) . By Lemma ITTl cj) : A -a (a' <g B) must be an isomorphism 
of abelian schemes. Considering <f> on A-valued points gives 4>a ■ EikIr(A) -^a a' ® R Homjj(A, B), 
hence a ~ Hom^(A, B), and therefore a' ~ HoniR(!?,A) by Proposition [39j Thus if T has the 
form uo K o (/ (g i/j), with ui K depending on some (a, ct), (a', a'), and k, it also has that form with 
a = Hom/j(A, B ) and a' = Hom/j(i?, A). We will show that this is indeed always the case, and that 
furthermore there is a canonical choice for k. For this we require the following two lemmas, the 
first of which is used to prove the second. 

Lemma 42. Suppose (A, l) and (B, j) are abelian schemes with R-actions, and a is a rank-one 
projective R-module. Let a' = Hom/j(a, R) be equipped with its natural R-module structure (not 
twisted by *), and set B a = a® R B. Then there is a commutative diagram 

a ® R a' ® R Hom fi (A, B) ® R Horn R (B, A) —^ Hom jR (A, B a ) ® R Homx ? (H n , A) 

= f®g^g°f 

\ 

Hom R (A, B) ® R Horn R (B, A) f0gh ^ gof -End R (A), 

where the top and left arrows are canonical isomorphisms. 

Proof. We have canonical isomorphisms 

a ® R Hom H (A, B) = Horn r (R, a) ® R Hom R (A, B) = Hom jR (i? ® R A, a (g r -B) = Hoiur(A, B a ), 

where Proposition [2](c) is used in the middle step. Explicitly, a<g0 £ a ® R Hom/j(A, B) is mapped 
to the morphism A -A B a , which sends t £ A(T) to a <g (frit) £ B a (T), for T £ Sch/ 5 . 
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Similarly, there is a canonical isomorphism 

a' <8# Horn r (B, A) = Horn# (a, R) <8# Hom#(.B, A) = Hom fi (a <8# B, R ® r A) = Horn R (B a , A), 

mapping / (8 ip £ a! < 8 # Horn #(.£?, A) to the morphism B a —>• A which sends a <8 u £ a < 8 # B{U) to 
t(/(a)) ° V’u(ii) € A(U), for U £ Sch/g. 

We take the top arrow in the diagram to be the tensor product of the above two canonical 
isomorphisms. We take the left arrow to be induced by the canonical isomorphism a 8># o! = R. 
On pure tensors it is given by a®f®(f®if\-^-(j)o <g> ip. 

The composition of the left and bottom arrows maps the element a <8 / <8 4> <8 V’ to V ;0 4 0i (/( a ))) 
which is equal to t(f(a)) since <p and ip are I?-hnear. The composition of the top and right 

arrows maps the same element to the morphism A —>• A that sends t £ A(T ) to b{f{a))oip( K <p(t)), for 
T £ Sch/s. The latter is just the functorial description of the former, so the diagram commutes. □ 

Lemma 43. Let(A,b, A) and (B,j,p) be objects in M\{S), such that Bom R (A, B) 4 0. Let(B',j') 
denote Hom#(.B, A) <8# B, equipped with the induced R-action. Then: 

(a) Hom#(.<4, B') ~ R as R-modules. 

(b) If(A,t) ~ (£',/), the map 

Hom#(A, B) <8# Hom#(.B, A) —> End#(A), / go f 

is an isomorphism of R-modules. 

Proof. Using A = R ® R A and Proposition Elr) we obtain a canonical isomorphism 

(3.15) Hom#(y4, B') = Hom#(.R 8># A, Hom#(.B, A) <8# B) = Hom#(B, A) <8# Hom(d, B). 

By Proposition 1391 composition of morphisms identifies the right hand side above with a principal 
ideal in End# (.A) ~ R. This shows (a). 

For (b), by Lemma 02] we have a canonical isomorphism 

Horn# (.A, B') <8# Hom#(B', A) = Hom B (4, B) <8# Horn R (B, A) 

which is compatible with the two maps / (g> g e-?• g o / from either side to End#(Al). Thus both 
sides are identified with the same ideal of End#(.A). If (p ■ (A, t) (B',j') is an isomorphism, this 
ideal contains the image of (f> <8 (p^ 1 from the left-hand side, which is 1 a £ End# (.A), so the image 
oif(B>ge^g°fis the entire ring. This proves (b). □ 

Finally, we can give an explicit description of all the morphisms between objects produced by 
Serre’s construction in APJ. 

Theorem 44. Let (A,i,A), (B,j,p) £ A4^,(5) and (M,h), (. N,k ) € Herm„(i2), and take 

V : (Af, h) <8 (A, l, A) —4 (N, k ) (8 >(B,j, p) 

to be a general morphism in M. r $. Then there exist positive-definite non-degenerate R-hermitian 
forms a and of on a = Hom#(A., B) and a' = Hom#(H,yl), as well as morphisms 

f : (. M,h ) -^4 (N , k) (8 (a, a), cp : (A, l, A) ^4 (a' 0# a') 8 (B, j, p), 

in Herm„(i?) and respectively, such that T = uo(f®<p), where uj is the canonical isomorphism 
given on T-valued points, for T £ Sch/#, by 

ujt ■ (N <8# a) 8 (a' <8 ) R B(T)) -^4 N <8# B(T), (n <8 /) <8 (g <8 1) 1-4 n <8 (g o / o t), 

Proof. By Corollary 1401 we can equip a and a' with hermitian structures a , of, with (a, a) and 
(a 7 , o') in Herrrii (/?), such that there exists some isomorphism k : (a, a) <8# {a!, a') — (R, 1). In 
a moment we will show that there are canonical choices for k, a and of, but for now we make a 
choice. 
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Now put 

= (a 1 ,a') <g> ( N',k ') = ( N,k ) <g> (a, a). 

Then we have the isomorphism ujq : (N (gift a) <8>r (a' <gft B) — B of (13.141) . which depends on n, 
and is given on T -valued points by 

ojo ,t : (N (gift o) (gift (a' (gift B(T)) -a- N <S>r B(T), (n <g x) (g> (y <g t) i-An® k(x ®y) -t. 

Let To = Wq 1 o T, so that 

To : A) ^A (IV', fc') (8) {B',j r , //). 

By Lemma I43f a) we have Homft(H, B') ~ i?. This implies, via Proposition (2fc) , that every 
element of Honift(M ®r A,N' ®r B') is a pure tensor, including To- Then by Lemma HT1 there 
exists a totally positive unit r G R x and isomorphisms 

/ : (M, h) ^ (N‘, r-k'l : (A, i, A) ^A (£?',/, r " 1 • //), 

in Herriii (R) and A4^(5'), such that To = / < 8 > (f>. In particular, T = uq o (/ <gi f). 

Now, the fact that : (A, l) —> (B*,j') is an isomorphism implies there are canonical choices for a, 
a' and n to begin with. Indeed, by Lemma 03l bL the image of Horn ft (A B) <g )r Honift(H, A) —> R, 
given by f (g> g H > L~ 1 (g o /) is all of R, and so by the construction of Corollary 00] we can take 
a : a —> a v to be a(f) : /o ha o / 0 ), where f is the Rosati dual of / (Definition 1381) . 

Then the corresponding a' : a ; -A a /v will be a'(g ) : go ha L~ l {go ° g')- The R -module isomorphism 
k : a( 8 >a' —> R , f®g i-a t~ 1 (gof) will identify (a, a)( 8 )ft(a', a') with the map R -A R v that sends s G R 
to (x i-a s*x), in other words with (. R , 1). Hence k is an isomorphism (a, a) (gift (a', a!) —A (. R , 1). 
With this choice the map ujo defined above will equal uj as in the statement of the theorem, and so 
T = uj o (/ (g> (/)). 

Finally, note that we can absorb r into k' and r -1 into p! by replacing (a, a) as defined above 
with (a, r ■ a) and (a', a') with (a', r~ l ■ a'). Since the map k : (a, a) ®r (a', a') —A ( R , 1) is still an 
isomorphism after this replacement, we still have T = uj o (/ <gi 0), and now 

/ : (M, h) —4 (N',k'), <f> : (A, l, A) —> (S',/,//) 
are morphisms in Hermi(R) and A4|,(S'). □ 

We note that the map uj in the statement of the theorem has the same form as oj (h x.Y of (|2.3|) 
from §2. Indeed, with notation as in the statement of the theorem, let X = ( N,k ), Y = (B,j, p), 
and a = (a, a). The pair (a', a') can be taken as the inverse object a -1 , with I a : aDa ^ 1 —A e given 
by k : (/ <S> g) i-a i~ l {g o /). Then the morphism oj a ,x,Y '■ Xa Kl a~ 1 Y XMY of (12.31) is mapped 
to uj in the statement of Theorem 00] by the Serre construction functor 

: Herm n (R) ® H erm l( R) ^i(S) —>• M$(S), 

(M, h) B (A, t, A) ha (M, h) ® (A, t, A). 

We can now prove the claim, made at the beginning of this section (Proposition 1361) . that the 
above functor is fully faithful. 

Proof of Proposition \3b\ Surjectivity of Eg on morphisms follows from Theoreml44land the previous 
remark, since every morphism T of A4^(S) has the form uj o (/ 0 <f), and uj is in the image of Eg. 
We show injectivity by comparing Theorem 00] and Proposition 00] 

Given a morphism 

r : (M, h) El (A, i, A) -4 (IV, k) El (B, j, g) 

in Herm„(R) ®Hermi(i?) by Proposition 1201 we can write r = ujq o (/ IE </>), where ujq = 

ti; (iv,fc),(B,j,/i),(a,a) depends on (a, a), (a', a') G Hermi(R), and an isomorphism I( a , a ) : (a, a) (gift 
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(a', a') —>• (42,1). Specifically, u is given by (12.31) in §2. It has the same general form as in 

(13.141) . and is in fact mapped to it by Eg with k = I( a .a)- The morphism / IEI 0 is of the form 

with (44',/, g') = (a', a') ® (44, j, g) and (.Nk') = (IV, k) (a, a). 

Now the fact that 0 : A —>• B' is an 42-linear isomorphism on the one hand implies that o ~ 
HoniR(A, B) and a' — Hom#(44,A) (cf. paragraph before Lemma I42[) . so that in representing r as 
wo o (/ Kl 0) we can take a = Hornfj(A, B) and a 7 = Hom/j(44, A). On the other hand it also implies, 
by Lemma 03jb), that with this choice of a and a' the map k : a < 8 >_r a' —> R, f <S> g i-A i _ 1 (<? o /) is 
an isomorphism of modules. It then follows that for any a : a —>• a v such that (a, a) € Hermi (Ok), 
there is a unique a' : a' —> (a') v such that k : (a, a) (a', ct/) —>• (42, 1) is an isomorphism 
of hermitian structures. Therefore in representing r as ujq o (/ IEI 0) we can also arrange that 
Es(cuo) = w, with uj as in the statement of Theorem 1441 

Now let to be another morphism such that Es(ro) = Es(t). We must show to = t. By the same 
argument as above, To can be written as Wg o (/ 0 El 0 o), with Es^cug) = w, and 

/o : (M,h) (No, ko) = ( N,k ) ® R (a,a 0 ), 0 O : (A,t,X) —> (B 0 ,j> 0 ,g 0 ) = (a',a' 0 ) 0 (B,j,g). 

Here a = Hom/j(A, B) and a' = HoniR(44,A) are as before, equipped with possibly different 
hermitian structures «o and a\y We claim that we can also take cto = a and «q = a ', i.e. cj' 0 = wo- 

Since a and ao are positive-definite non-degenerate hermitian structures on the same rank-one 
projective module, we must have a o = r _1 • a and a' 0 = r ■ a ', for some totally positive unit r G R. 
In particular, (Bo,jo,go) = ( a',r ■ a') ® (B,j,g) = (. B',j',r ■ g'). We also have isomorphisms of 
triples 0 : (A, t, A) ->■ (B',f,g') and 0 O : (A, t, A) -A (B 0 ,jo,go), hence 0 O o 0 ' 1 : (B',j',g') -^0 

(B 0 ,j 0 ,g 0 ) = (B',j',r ■ g'). Then cj> 0 o 0^ 1 = /(r 0 ) for some r 0 € 42 x , and 

y' = /(n)) V ° (y 1 ° /(O) ° j'(ro) = y! o /(tq r 0 r), 

which implies TqTot = 1. It follows that the map g ro : a —>• a, i 4 r 0 ^ gives an isomorphism 
(a, a) —> (a, r _1 • a) = (a, ao ) 5 which shows we can take a = aio, an d a/ = ot' 0 . As a result, 

we can write to = wo o (/ 0 IEI 0o) where ujq is the same map as in t = uiq o (/ Kl 0). Then we 

have / <g> 0 = w -1 o Es(t) = w ^ 1 o Es(to) = /o < 8 > 0o- Hence, to prove t = to it suffices to show 
/ ® 0 = /o ® 00 implies / IE 0 = / 0 El 0 O . 

Assume / < 8 > 0 = /o < 8 > 0o- Since 0o : A —> B' and 0 : A —iT are i?-linear isomorphisms, 
we have 0~ x o = ^(t) for some r £ R, so that 0o = r • 0. By / ( 8 ) 0 = /o < 8 > 0o, that implies 
f = r ■ f q. Now 0 and 0o are also isomorphisms of triples, so t(r) is an automorphism of (A, t, A), 
hence A = t(r) v o A o t{r) = A o t{r a r), and so r°> = 1 . It follows that /x r : (R , 1) —> (42,1), n->ra 
is an automorphism of (42,1). Now, we have a diagram 



/oBGur®^) 

^ I T3’ J 


where the oblique arrows are induced by left and right unitor isomorphisms, and the horizontal 
arrows are associators. The square and the two triangles commute by the naturality and triangle 
axioms of the categorical tensor product. The long parallelogram commutes if and only if the 
dotted arrow is /o Kl (r • 0 ) = /o Kl 0 o, and the short parallelogram commutes if and only if it is 
(r • /o) El 0 = / IE 0. The commutativity of each parallelogram implies that of the other, therefore 

/ ^ 0 = fo ^ 0 O . 
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Thus we have shown that £s(r) = £s(ro) implies r = To, which proves £5 is injective on 
morphisms. This finishes the proof that £5 is fully faithful. □ 

3.3. Serre construction of the objects. In this section we look for triples in A4$(S) that 
come from the Serre construction. When S = Speed, we show every object is Serre constructible 
using an equivalence between A4|,(d) and a category of linear-algebraic data. For general S we 
show that every object of M$(S) is etale locally on the base Serre constructible. This is done by 
using Theorem 1351 to reduce to the complex case. 

The following lemma simplifies the task of spotting Serre constructible triples. 

Lemma 45. Suppose and (A, t, A) are objects in A 4$(S) and A4|,(5) respectively, M is 

a projective finitely presented Ox-module of rank n, and T : M ®o K A ^ B is an Ox-linear 
isomorphism of abelian schemes. Then there exists a unique non-degenerate positive-definite Ox- 
hermitian form h : M -A M v such that T : ( M,h ) © {A, t, A) —» (B,j,p.) is an isomorphism of 
triples. 

Proof. Since T is an 0^-linear isomorphism, the map A m = v k v o p. o T is an O^-linear principal 
polarization on M ®o K A- As A generates the Ox-module Horne> x (A, A v ), by Proposition EJ^c) , 
we have A m = h © A for a unique C^-linear map h : M —> M v . By Proposition [T 8 l h must be a 
positive-definite non-degenerate C^-hermitian form. Then (M, L)©(A, 1 , A) is an object of A4$(S), 
and T pulls p back to h © A, so it is an isomorphism of triples. □ 

Thus when checking whether a triple in Ad J comes from Serre’s construction, we only need to 
verify that the underlying abelian scheme is of the form M <S>o K A, and then its polarization has 
the form /r © A automatically. 

We now consider the case S = Speed. For any field embedding £> : K —> d, let d^ denote d 
as a K © d-algebra, with structure homomorphism I\ © d -A d^, a © z —> <f(a)z. Then the direct 
sum d $ = d® is also a K © d-algebra, with an induced homomorphism K © d —t d $ . 

The restriction K © R — > d $ , a®s4 ( 0 (a)s) 0 e $ is then an isomorphism of /i-algebras. If V is 
any iGvector space, we obtain a K -linear isomorphism 

(3.16) f8R^k%(]i'0R)^k%d^®y ©x d (<W . 

For a complex abelian variety A with an 0^-action, H = H\(A,Wl) is a projective finitely 
presented Ox-module, and H®R can be identified with the tangent space of A at the identity. 
The structure of A as a complex variety then induces a complex structure J on H © 1R. As the 
action of Ox on A is algebraic, the induced Ox-action on H © 1R commutes with J, therefore J is 
K © R-linear. 

Lemma 46. Let (A,i, A) € A4J(d) and V = H\(A, Q). If V © R is equipped with the G-vector 
space structure induced by A as a complex variety, the isomorphism if : V © IR ~ V 0x d $ of 
\3.16\) is K © d -linear. 

Proof. If : A©d —> d $ denotes the (AT©d)-algebra structure map of d $ , we have a iF©d-linear 
isomorphism 

7T : /i © d —A d^ © d $<T , £ HA (/$(£), Ua(0)' 

Let e = 7 r 1 (1,0) and e' = vr _1 (0,1), so that e + e' = 1 and e • e' = 0. We claim that e and e' 
belong to K®L(lKi ©d. Fix a finite Galois extension L/Q containing the Galois closures of A'/Q 
and L/Q. Since (1,0) and (0,1) are contained in n(K © L) = L® © A $cr , we have e, e' € K <g> L. 
Here L® denotes © 0 g< j, . 

For any £ € K © d and r € Aut(d), by £ r we denote (lx © r)(£). Now let r € Gal(A/L) and 
£ € K © L. The reflex field L satisfies rd> = 4> by definition. It follows that the coordinates of 
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/$(C T ) and /$(£) differ by a permutation, as do the coordinates of /$<r(C T ) and When £ = e, 

the former coordinates are all 1 and the latter all 0, so they are invariant under permutations. That 
implies vr(e T ) = vr(e), hence e T = e. Then e is invariant under the action of Gal(A/L) on K <g> L, 
and so belongs to K <g> L. Since 1 G K <g> L, so does e' = 1 — e. 

The ideal condition on (A, l, A) asserts that V ®R is annihilated by the kernel of Ok®Ol —> <D $ . 
As we are in characteristic zero, that’s the same as annihilation by the kernel of K (Si L —> (D cI> . 
Since e, e' G K <S> T, this kernel is the principal (K <S) A)-ideal generated by e'. Then if the map 
a : K <g> C —> End(F <g> R) denotes the (K <g> (D)-module structure on V < 8 > R, the ideal condition is 
equivalent to a(e') = 0. Since 1 = e + e', that implies 

(3.17) a(£) = a(e£), for all £ G K < 8 > C. 

Similarly, if /3 : K <g) C —>• End(V <S>k © $ ) denotes the (K <g> C)-module structure, we have 
fj (e(j)) = 0 since 0 factors through K <g> C —> <C $ by definition. Hence, 

(3.18) 0(£) = 0(e£), for all (ekig> C. 

We claim that for any £ 6 AT <g> C, there exists £ € if < 8 > R such that e£ = e£. In fact, if 
7 t(£) = (x,y), let £ = n~ 1 (x, x a ). Since in general = (y a ,x a ) for any £, we have 7 t(£ ct ) = 7 t(£), 

hence £ G A"(g)R. Then 7 r(e£) = (x,0) = 7 r(e£), therefore e£ = e£. Since the map if) is K <g> R-linear, 
it then follows from (13.17|) and (13.18f) that for all u G V <8> R, 

il>(a(g)u) = ij)(a(e£)u) = i/}(a(e()u ) = ^(a(£)u) = /3(£)V’(«) = /3(e£)V’(«) = 0(e£)i/>(ri) = 0(£)V>(u), 

hence ijj is in fact A" < 8 > C-linear. □ 

A triple (A, t, A) over C is uniquely determined up to isomorphism by the lattice H = Hi (A, 7L). 
the induced Ox-module structure on H, the complex structure on H 0 R = Lie<c(A), and the 
Riemann form E : 77 x H —> 7L induced by A. The above lemma shows that if (A, i. A) G AdJ(C), the 
complex structure on H (g> R is determined by the Ox-module structure of H. In that case (A, i. A) 
is determined up to isomorphism by the Ox-module H and the Riemann form E : H x H —> 7L. 

Given any projective finitely presented Ox-module H, we can equip U = H <S> R with a complex 
structure via the isomorphism (|3.16p . so that A = U/H is a complex torus with an Ox-action. 
Then an alternating bilinear form E : H x H —> 7L equips A with a polarization A if and only if the 
form (x,y) H>■ E^(ix,y) is positive-definite, where E ]r : U x U —> R is the R-linear extension of E. 
In that case A is principal if and only if E is non-degenerate, and it is Ox-linear if and only if 

(3.19) E(ax,y) = E(x,a a y), clGOk, x,y G H. 

Now, any bilinear form E : H x H —>■ 7L satisfying the above relation corresponds uniquely to a 
-valued sesquilinear form F : E[ x H —» such that E = TYx/q E, where is the inverse 
different of AT/Q. The correspondence is given explicitly as follows. Suppose E : H x H —> 7L is 
a Z-bilinear form on El satisfying (13.191) . Let {<Xj} be a Z-basis for Ox, and {/ 3j } the trace-dual 
basis for 5^ . Then F : H x H -A dj} is given by 

(3.20) F(x,y) = ^E{x,ajy)Pj. 

3 

Since {aj} and {/?J} are also a pair of trace-dual bases for Ox and S ^ 1 , it follows that the form E 
is alternating if and only if E is skew-hermitian: 

F(y, ®) = - F(x , yf, x,y € H. 

Given a skew-hermitian form F as above, for any x G H, £ = F(x,x) is purely imaginary: 
£ = — £°\ Since K is a CM field, it is also totally purely imaginary: <^(£) = — 4>(() a for all 
0 G Hom(AT, C). It follows that if £ / 0, there exists a unique CM-type T C Hom(AT, (D) such that 
Im(-0(£)) < 0 for all f)Gf. 
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Definition 47. Suppose t> is a fractional ideal of K such that t) CT = t>. A 0 -valued skew hermitian 
form F : H x H -A 0 is called negative-definite along $, if Im.(<p(F(x, x))) < 0 for all non-zero 
x £ H, (p £ <L. 

Now let H be a projective finitely presented (9/^-module, and equip U = H <g> R with a complex 
structure via the isomorphism U — H<q of (13.161) . Let E : H x H -a 7L be an alternating 

bilinear form on H satisfying (13.191) . and F : H x H -A its corresponding dj^ -valued skew- 
hermitian form. 


Lemma 48. The alternating form E : FI x H -A % is a Riemann form for U/H if and only if 
F : H x H -a is negative-definite along 4>. 

Proof. Let Ejr : U x U —> R denote the R-linear extension of E. Let be the complex subspace 
of U = H <S> R corresponding to Hq C FLq via (13.161) . and E^d the restriction 

of E n to U W x U^\ We claim there’s an orthogonal decomposition Ej& = Indeed, 

for each (p £ consider the element (0, • • • , 0, 1 ,0, • • • ,0) £ <D $ with the 1 in the -component. 
This element corresponds to some £ K 0 1R under K <S> 1R — <D $ , and multiplication by is 
the projection map U -A U^\ We have e| = e^, e^e^, = 0 if <f> ip, and 1 = Now 

each is invariant under a, because its image in is invariant under complex conjugation. 
Then if cp ip, from (13.191) we have E^e^x, e^y) = E]r(x, e^e^y) = 0, from which the orthogonal 
decomposition 1% = ©^ g$ E^ follows. Similarly, let Fjr : U x U —> I\ 0 IR be obtained from F by 

R-linearity, and let F^ denote its restriction to . We also have an orthogonal decomposition 
Fir. = © 0 g $ F^) for the same reason as before. Here takes values in e$(K <S> R), which we 
may identify with ©W C C $ , using K 0 R ~ C $ . Viewed this way, is the ©-linear extension 
of F induced by <f> : K ^A C. 

For each (p £ <h, it follows from (13.201) and the R-linearity of F^) that 

F W (x,y) = ^E { ^{x^{a j )y)4>{fij) 
j 

= ^^Re(6/ , (aj))^(/3 J )j E^\x,y)+ Im(^(aj))^>(^)j E w (x,iy). 

Now for a pair of trace-dual Q-bases {ctj} and {fij} of a CM field K, there are general identities 


5Z 

j 

from which it follows that 

^Re(0(a i ))^>(/3 i ) = i, 

3 


= °> 
j 

Y^hn^aj))^) 

3 


i 

2 ' 


Therefore 

(3.21) F^\x,y) = ^E^\x,y)+ l -E^{x,iy), Vx,y€UW. 


In particular, we obtain F^\x,x) = —| E^(ix,x). Then Im(F’fo) (x, x)) < 0 for all x £ U ^ 
if and only if (x,y) i-a E^\ix,y) is positive-definite on U^F ). By the orthogonal decomposition 
Ejr = E^\ that holds for every cp £ 4>, if and only if (x,y) i-a E-^(ix,y) is positive-definite. 

Hence FI is a Riemann form if and only if Im (F^\x,x)) < 0 for all x £ U'F) and (p £ <L. By 
definition, F is negative-definite along if and only if Im((p(F(x, x)) < 0 for all x £ H and (p £ 4>. 
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The form F^\ considered as the C-linear extension of F : H x H ~&K via cj), is negative- 
definite if and only if its restriction to H x H is negative-definite, therefore the two conditions are 
equivalent. □ 

The two lemmas H6l and [48l allow us to characterize objects in A^J(C) in terms of skew-hermitian 
structures F that are negative definite along $. To state this correspondence in a satisfactory way, it 
will be convenient to represent such skew-hermitian structures by Ox-linear maps, in the following 
way. 

For a projective finitely presented Ox-module H, let H* = Horn o K (H,Sf ( 1 ) - Hv ®o k &K- A 
-valued sesquilinear form F corresponds to an Ox-linear map f : H —)■ H* via f(x)(y ) = F(x, y ). 
We will identify / with F in this way, and speak of skew-hermitian forms /://—> H*. Now, there is 
a canonical isomorphism (H*)* = H, through which the functor H H> H* becomes a contravariant 
duality on the category of projective finitely presented Ox-modules. If f* : F[ —> H* is the dual 
of /, then / is skew-hermitian if and only if f* = —/. We say a skew-hermitian form / is non¬ 
degenerate if it is an isomorphism. This happens if and only if the corresponding alternating form 
E = Ti'x/q F is non-degenerate. 

Suppose h is a fractional ideal U of K such that D' 7 = t>. For e = ±1, a D-valued sesquilinear form 
G : H x H —>• 0 is called e-hermitian if it satisfies H(x,y) a = eH(y,x). Then e = 1 corresponds 
to a hermitian form and e = —1 to skew-hermitian. Such G then correspond to Ox-linear maps 
g : H —>• Home> K (iL, D) = H v ®o K ft- If (H,g) is a D-valued e-hermitian form, and ( H',g') is F- 
valued e'-hermitian, then ( H,g ) ® (H r ,g') = (H ®o K H',g ® g') is a DD'-valued ee'-hermitian form. 
In particular, (H ®> H',g ® g') is skew-hermitian if one of ( H,g ) or ( H',g') is hermitian, and the 
other is skew-hermitian. If (H,g) and (H',g f ) are either both skew-hermitian, or both hermitian, 
then (H ® H ', g (g> g') is hermitian. If ( H,g ) is D-valued skew-hermitian and negative-definite along 
<I> (Definition 1471) . and (H ', g') is D _1 -valued skew-hermitian and negative-definite along <E>cr, then 
(. H,g ) ® ( H',g') is Ox-hermitian and positive-definite. 

Let SkewJ(Ox) denote the category of pairs ( H,f ), where H is a projective finitely presented 
Ox-module of rank n, and / : H —> H* is a non-degenerate <5^* -valued skew-hermitian form on H 
that is negative-definite along <f>. The morphisms of SkewJ(Ox) are isomorphisms of Ox-modules 
which preserve the skew-hermitian forms. The 2-group Hermi(Ox) then acts on SkewJ(Ox) via 
ordinary tensor product. In other words, if ( H,f ) € SkewJ(Ox) an( f ( a ) a ) ^ Hermi(Ox), then 
(H ®o K a, / <8 ) a) 6 Skew|(Ox)- 

For (A, l, A) € AdJ(C), we can form a pair ( H,f ) as follows. Let F[ = Fd\{A,Wj) and taking 
/ to be the composition of -Hi(A) : H = F[\(A,%) —>• Hi(A v , Z) with the canonical isomorphism 
iLi(yl v ,Z) = Hi(A, %)*. Then / is the skew-hermitian form corresponding to the Riemann form 
induced by A, so that ( H , /) € SkewJ(Ox)- Thus we obtain a functor, 

(3.22) 0 = 0„ : MM <D) -A Skew|(Ox), (A, t, A) ^ ( H , /) 

Proposition 49. The functor 0 is an equivalence of categories. Moreover, it is compatible with 
the action of Hermi(Ox), up to canonical isomorphism. 

Proof. Let H : SkewJ(Ox) —> AdJ(C) be the functor that sends a pair (H, f) to the triple (A, l, A) 
constructed as follows. A is the complex torus U/H , where U = H <g) R is equipped with a 
complex structure via (13.161) . The Ox-module structure of H then induces an Ox-action l on A, 
and the Riemann form E(x,y) = Tr K/Q(f( x )(y)) equips A with a principal Ox-linear polarization 
A : A —» A y . We give explicit isomorphisms of identity functors with 0o5 and So©. 

Let (H, f) £ Skew$(Ox), and (A, t, A) = S (H, /). Then A is the complex torus U/H constructed 
above, with the induced Ox-action i. We let U* = H* ® IR, and make the identification (U/H) w = 
U*/H*. The map / : H —> H* extends R-linearly to /n : U —> U*, and then descends to /jr, : 
U/H —>• U*/H*, which is A by definition. We define an isomorphism Jh = '■ H —> H\(A,%) 

as follows. For x £ H, Jh{x ) is the homology class of the loop 'y x : [0,1] —> U/H , that maps 
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t £ [0,1] to the image of x 0 t £ H 0 R = U in U/H. Then Ju is an isomorphism of lattices, and 
its straight-forward to verify it is compatible with morphisms. That implies it’s an isomorphism 
of 0ft;-modules, and that it identifies H\(f) : H\(U/H,7L) —¥ H\(U*/H*, 7L) = H\(JJ/ H with 

/ itself. Then the isomorphisms J(HJ) '■ (H,f) 0 o E(iL, /) give an isomorphism of functors 

iskewgtOK) 

Conversely, for (A,i,X) £ .MJ(C), let (H,f) = 0(A, t, A), and equip U = H ® R with the 
complex structure transported via (13.1611 . Then E o ©(A, i. A) is the complex torus U/H , equipped 
with the polarization f \r : U/H —> U*/H* constructed above. We have a canonical isomorphism 
I A = A) '-U/H -fa A defined as follows. Let V denote the complex vector space of holomorphic 

1-forms on A, and V' its dual space, identified with the tanget space T e (A). For a £ Ok, the maps 
V -A V : uj i-» l(cl)*uj give an Ok -action on V. The pairing H\(A,%) x V -A- C : ([c],w) f uj 
gives an injection H V', which is O^'-hnear by a change of variables in the integral. This 
induces a K 0 IR-linear isomorphism U —>• V which by Lemma 06] is actually K 0 C-linear. Since 
the kernel of the exponential map exp : V' = T e (A) —» A is the image of H in V 7 , we obtain an 
Ok -linear isomorphism I a : U/H fa- A of complex manifolds, indeed of abelian varieties. That 
I A is compatible with polarizations is equivalent to the equality fal = fa. This amounts to the 
fact that T e (A v ) is canonically isomorphic to the complex antilinear dual of T e (A). Thus we have 
a canonical isomorphism I(a,l, a) 1 ^ ° ©(A, i, A) (A, t, A), giving an isomorphism of functors 
E o 0 fa 1 m'IA)- This shows that © is an equivalence of categories. 

To show 0 is compatible with the action of HermJOx), it’s enough to show it for S, since they 
are inverse functors up to isomorphism. Let (H,f) £ SkewJ(Ofc) and (A, t, A) = E (H,f), so that 
A = U/H , with U = H ®JR. We let U* = H* 0 R, and identify U*/H* with A v . Then the 
polarization A is the map fa : U/H —» U*/H* induced on quotients by the R-linear extension 
fa of /• For (a, a) € HermJOx), let (. H a , f a ) = (a, a) ®o K (#,/)> and (A 0 Ra,A a ) = E (H a ,f a ). 
Then we have A a = U a /H ai where U a = H a 0 R. The canonical isomorphism U a = (a ®o K fa ® 
R = a <8>o k fa 0 R) = a 0o K U then induces an (9/^-linear isomorphism of abelian varieties 
fa,a : U a /H a fa a ®o K A, which is functorial in H and a. Applying it to f : H H* and 
a : a —> a v we obtain a commutative diagram 


(3.23) 


A a 


An 




= U a /H a ■ 

fa, R 


Iha 


a0o K (U/H) 


a®o K A 

a(g>A 


a v 


a v ®o K ( U*/H *) — a v ®o K A v . 


Then fa,a is an isomorphism of triples if and only if it is compatible with polarizations. From the 
diagram, this is the same as the identity I fa aV = fa 0 . By the duality theorey of abelian varieties, 
this is equivalent to the map fa* ay x fa a preserving the Poincare line bundle under pullback. That 
in turn can be verified on the level of tangent spaces using the corresponding Appell-Humbert data. 
It follows that I(H,f),(a,a) '■ ^faa, f a ) fa (a, a) 0e> K E (H, f ) is an isomorphism of triples, functorial 
in (H. f ) and (a, a). Then the equivalence E : SkewJ(0A') AdJ(C) is compatible with the action 
of Hermi(Ox), and therefore so is 0 . □ 


Now we proceed to study the functor 

Ec : Herm u (Ok) ®Hermi(Oif) Ad$(C) —> Ad$(C). 

For the domain of to be non-empty, Ad^(C) must contain objects. The following theorem 
shows this is almost always the case. 
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Theorem 50. _M|,((D) 0 for all CM types <h, unless K/F is unramified at every finite place. In 

that case, 7 ^ 0 for exactly half the types. 

Proof. Assume that for some CM type <J> 0 i Af|, o (C) is non-empty. As explained in the proof of 
Proposition [39] that means we can find a fractional ideal a C K and an element ( £ K such that 


aa a S K = ((), C = ~C, Im<XC) < 0 V</> £ $ 0 , 

where 5k is the different ideal of K. If _A4|,((D) 0 for some other CM type d>, we get another pair 

(b,£) with analogous properties. If we put c = cib -1 and r = ££ -1 , then we have r £ F, cc CT = (r), 
and for any : F Q, we have fi(r) > 0 if and only if <I> fl $0 contains an element of Hom(Lf, Q) 
extending if. 

Let Nq(K) denote the group of pairs (c,r), where c is a non-zero fractional ideal of K, r £ F x , 
and cc' T = (r). Given (c, r) £ Nq(K), we may put b = ac” 1 and £ = (r -1 . Then bb^Sx = (£)i 
= —£, and there exists a unique CM type 4> such that (b,£) defines an object of Ad|,((D). Then 
(c,r) • <ho = defines a transitive action of Nq(K) on the set of CM types <f> for which is 

non-empty. Let Nq(K) denote the kernel of this action. It coincides with stabilizer of any <f>o, and 
consists of all pairs (c, r) such that cc CT = (r) and r £ F x is positive definite. Then the number of 
CM types such that A4|,(C) 0 is equal to 

\N 0 (K)/N+(K)\. 


Let Uk, Ik, and Pk denote the units of Ok, the non-zero fractional ideals of K, and its subgroup 
of principal ideals, so that Ck = Ik/Pk is the ideal class group. We also use the corresponding 
notation for F. Let Nk C Ik consist of c such that Nm^/ f (c) = cC is principal and generated by 
an element of F. We have a surjective map A t q(K) —> Nk, (c, r) i-a c and an exact sequence 

0 —> Uf ~a No(I\ ) —> Nk —> 0, 

where u £ Up is identified with ( Ok,u ) £ Nq(K). 

Let Pp C Pf denote the subgroup of principal ideals that admit a totally positive generator, so 
that Cp = Ip/Pp is the narrow class group of F. We also have a subgroup Np C Ik consisting of 
fractional ideals c such that Nm^(c) = cc CT is in Pp. We get another exact sequence 

0 -a [/■+ -> N+(K) -A N+ -A 0, 

where Up C Uf consists of totally positive units. 

From the two exact sequences and the nine-lemma we obtain another exact sequence 

(3.24) 0 -7 U F /U+ -> No(K)/Nq (K) -7 N K /N+ -7 0. 

Note that Nk and Np both contain the principal fractional ideals Pk, so that Nx/Np = 
Nk/N p, with Nk = Nk/Pk and N^p = Np/Px considered as subgroups of Ck- We then have 
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an exact diagram 


0- Np - Np - N k /N + k -^ 0 


0 


0 

Y 


C K 

N 

C$ 


C K - 

Nm X/F 

C F - 


0 

0 


0 


where Y is kernel of C F —>• Cp. To see that the norm map Np/p : Cp —> Cp is surjective, 
note that under the reciprocity isomorphism it corresponds to the restriction map Gal(Hp/K) —> 
Gal (Hp/F), which is surjective. Here Hp and Hp are the Hilbert class fields of K and F, and 
Hp C Hp. 

For the narrow Hilbert class fields Hp and Hp, we have Hp = Hp since K is totally imaginary, 
and so Hp C Hp. Again the map Nm^ : Cp Cp corresponds to the restriction Gal (Hp/K) — > 
Ga l(Hp/F). The latter is surjective if K n Hp = F. otherwise the image has index 2, with the 
quotient isomorphic to Ga \{K/F). By a standard diagram chase we get an injection Np/Np —> Y, 
induced by Npj F , which is an isomorphism if K/F is ramified at any finite prime, and an injection 
onto a subgroup of index 2 otherwise. 

Now fix an ordering (ipi, ■ ■ ■ , i/ g ) of Hom(F, Q), put S = {±1}^ :< ^1, and consider the homomor¬ 
phism Up —> S, u i-A s = (si,-- - ,s g ), where Sj = V’i(' u )/[V’i( u )[- The kernel of this map is Up, 
hence its image is isomorphic to Up/Up. The cokernel of this map is in fact isomorphic to Y, the 
kernel of Cp —» Cp, and both are isomorphic to Gal (H^/Hp) [J, p. 47, Lemma 11.2]. It follows 
that |Y| • \U F /Up\ = |5|, and so from Np/Np = Np/Np and (|3.24l) we obtain 


\N 0 (K)/N+(K)\ 


2 9 1 if K/F is unramified at all finite primes 
2 g otherwise 


Suppose K n Hp = F, so that K/F is ramified at some finite prime. Then considering our initial 
assumption we have shown that if A4^(C) is non-empty for some <I> = 4>o, it is non-empty for all 
<b. Now the surjectivity of Np/p : Cp —>• Cp implies that 4 > o always exists. Indeed, if Co £ I\ is 
any totally imaginary number, the fractional ideal Co^a - 1 descends to a fractional ideal of F. Then 
there exists a E Ip such that N K /p(a)(Q 1 5p is a principal ideal generated by a totally positive 
element r E F. In other words aaF5p = (£), where C = r Co is totally imaginary. Letting 'Lo be the 
unique CM type for which Im(<^(£)) < 0 for all <fi E Toj we obtain a pair (a, () corresponding to an 
element of (C). 

Now suppose K/F is unramified at all finite places, and pick a totally imaginary element Co £ H. 
If Cofip 1 (as an ideal of F) is in the image of Npj F , then proceeding as in the previous case we 

obtain an element of A4^ o (C) for some If aSp 1 is not in the image of Np, p , pick r € F such 
that the class of rOp is in Y and also not in the image of Np, F . Such an element always exists, 
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otherwise tV^, p would be surjective, since it’s surjective onto Cp/Y = Cf- Then 7 ’oCo^ 1 must be 
in the image of N^^ F , and so as before we may find d>o such that Af$ 0 (C) / 0. 

Thus our initial assumption is always satisfied, and Af^C) 7^ 0 for all <f>, unless K/F is unram¬ 
ified at all finite primes. In the latter case Af$(<D) 7^ 0 for 2 9 ~ l CM types, which is exactly half of 
them. □ 

We note that if Af^(C) is non-empty for some <h, then there exists a number field Lq such that 
Al^Spec Ol 0 ) 7^ 0 - Indeed, any object of Af^((D) can be de f ined over some number field Lq. After 
enlarging Lq by a finite extension we can assume M\{Lq) contains a CM abelian variety with good 
reduction everywhere. Then Af|,(Spec Ol 0 ) 7^ 0 by the theory of Neron models. 

If n is odd, via Proposition 091 we offer an explicit way to construct an object of Af^(C) given 
one in AfJ(C). 

Proposition 51. Assume that n = 2 m + 1, and ( H,f) € Skew^CfR')- Then (a, a) € Skew^O/c), 
where 

a = det(H) <8 )q k a = (—l) rTl (det(/) <8 a). 

Proof. Since H is a projective finitely presented O^-module of rank n, det (H) = /\'o K Ft is a 
projective of rank one. Since / is an isomorphism, so is det(/) : det {Ft) —> det {H*). 

Letting a = det(iL) <8 o K ^K- we have canonical isomorphisms 

det(H*)®OK$K = det = det(tf) v ® 0if d™~ n = (det {H)®oJkY = a*, 

where we have used det(LI v <8 o K ^a- 1 ) — det{H v ) <g> q k djF and d F = dp 1 in the middle, along with 
m — n = —m — 1. 

Let us denote the restriction of a to dff by the same symbol. Using the above isomorphism, we 
obtain the CV-linear map a : a —> a*, corresponding to 

(-l) m (det(/) 8 a) : det (H) ®o K d k det (H*) ®o K S%. 

Note that cr : d F —> d 7 ^ corresponds to a non-degenerate positive-dehnite -valued hermitian 
form on d F given by (x, y ) 1 —> x a y. It follows that a is skew-hermitian and negative-definite along 
<h, if and only if (—l) m det(/) is so. This we can verify after tensoring with (Q. 

Let F : H x H —> dp 1 denote the sesquilinear form corresponding to /, and Tq its A-sesquilinear 
extension to Hq. Let hi,-- - ,h n be an orthogonal basis of Hq with respect to Tq, and put 
C i = Tq {hi, hi). The functionals fi{x) = Q 1 F{ln,x) on H { q form the dual basis {/,;} associated 
to {hi}. The element rj = h\ A • • • A h n is a basis of det(iLq), identified with det (H)q. Similarly, 
ip = fi A • • • A f n is a basis of det {Hq), identified with det (H)q ®o k • Let C = n,=i C i- Since 

/q(^) = Cifii we have 

det(/<Q)(??) = /q(Li) A • • • A f®{h n ) = (C1/1) A • ■ ■ A (C nfn) = C<A 

Then det (/"q ), as a sesquilinear form det(iLq) x det(iLq) —>• djF has sole eigenvalue 
det(/q)(r ? )(r ? ) = (p{v) = C(/l(M A • ■ • A f n {K)) = C- 

Since {H, f ) is skew-hermitian, each Q is purely imaginary. Since n is odd, the product £ is also 
purely imaginary, which shows det(/)<Q is skew-hermitian. Since {Ft, f ) is negative-definite along 
<f>, each (i satisfies Im(</>(£j)) < 0 for all 4 > £ d>. We then have Im(<fi(()) = (—l) m IliLi I m ( 0 (Ci))> 
which shows (—l) m det(/)<Q is negative-dehnite along <h. As det (/) : det{Ft) —>• det {Ft*) and 
a : 8 p -5- Sp are non-degenerate, with values in 5 ft 1 and df ^ 1 respectively, a is non-degenerate and 
dp 1 -valued. □ 

The following proposition is a special case of the main theorem in the next section. 
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Proposition 52. Suppose Ad$(C) 7 ^ 0 and k is an algebraically closed field of characteristic zero. 
The functor 

T, k : Herm n (0 K ) < 8 > M\(k) —> M%{k) 
induced by Serre’s construction is an equivalence of categories. 

Proof. We can again assume k = (0 by the standard descent argument. By Proposition 1361 the 
functor is fully faithful, so we must show essential surjectivity. 

Now we have a diagram of categories and functors 


Herm n (0 K ) <8>Her mi (o x ) X$(C) 
1 ( 8)01 


■MM C) 
e„ 


Herm n (0 K ) <8>Hemu (Ok) Skew' T) (C>R') ——^ Skewg(£>x) 


which is commutative up to isomorphism. The vertical arrows are equivalences of categories by 
Proposition [49l To show the top arrow is essentially surjective, it’s enough to show the same for 
the bottom arrow. In other words, it’s enough to show every ( H , /) £ SkewJ(O^) is isomorphic to 
(h® a, M ®o K 0 ) for some ( M,h ) £ Herm u (Ok) and (a, a) £ Skew|,(Ox)- 

Let (a, a) £ Skew^(Ox), with a C K a fractional ideal. We can identify a* with 
and a with multiplication by some f £ K. Now let b = a 1 and define ft : b —> b* = 
by ft(x) = f^x. Since (a, a) is skew-hermitian and non-degenerate, so is (b,ft). Since (a, a) 
is 8ff -valued and negative-definite along <f>, (b,/3) is 5 A'-valued and negative-definite along <b<r. 
Furthermore, the tensor product (a <S>o K b,a® ft) is isomorphic to (Ok, 1) £ Hermi (Ok)- 

For (H,f) £ Skew$(0A')> let ( M,h ) = ( H,f ) ®o K (&,/?)■ Since / and ft are non-degenerate 
and skew-hermitian, with values in 5jf and 5k respectively, h is non-degenerate, hermitian, and 
Ok-v alued. As / and ft are negative definite along <F and <hcr respectively, h is positive-definite, 
therefore (M,h ) £ Herm u (Ok)- Now the bottom arrow of the diagram above maps the object 
(M,h) Kl (a, a) in Herm n (0Ar) ® H ermi(o K ) Skew|,(0A') to 

(M, h) ® 0k (<b«) = (H, f) ®o K (fo P) ®o K (a, of) ^ (H, f) ®o K (O k , 1) = (H, /). 

Hence the bottom arrow is essentially surjective, from which the proposition follows. □ 


Now let A; be a finite extension of the reflex field L, and S a connected locally noetherian scheme 
over Spec(fc). Suppose (A,l, A) £ A4$(S). 

Proposition 53. For any s £ S, there exists an etale neighbourhood U of s such that the triple 
(Ajj,ljj,Xu) £ M%(U), obtained from (A,i, A) by base change, arises from the Serre construction. 
In other words (Ajj,iu,^u) ties in the essential image of the functor 

: Herm n (O x ) ® M%{U) —> M%{U). 

Proof. Let M k = AdJ <8> k — > Spec (k) be the Deligne-Mumford stack over Spec(fc) obtained by 
base change. Since Ad$ —> Spec0 a is etale and proper by Proposition [351 so is M. k —> Spec(fe). 
Let M —» A4 k be a surjective etale morphism from a scheme M to M k - Then the composition 
M — > Spec (k) is an etale morphism of schemes, so M is isomorphic to a disjoint union JJ 0 Spec (k Q ), 
with each k a a finite (separable) extension of k. 

Let S —> Ad$ be the morphism corresponding to the triple (A,i, A) £ A 4$(S). It lifts uniquely 
to a morphism S —> Adfc, since S —> Spec(0A) factors through Spec(fc) — > Spec(0A)- Let S' = 
S y.M k AI and consider the morphism S' —>• M lying over S -A Ad*,. Since M —> A4 k is etale and 
surjective, so is S' —> S. 

Let s £ S be a point. Let U be a connected component of S' containing a point u mapping 
to s £ S, so that (U,u) is an etale neighbourhood of s. The base change triple (Ajj,ljj,Xu) 
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corresponds to a morphism U -A which factors as a composition U —> M —> A4$. Since U is 
connected and M is a disjoint union of Spec(£; Q ), the map U —> M further factors through some 
Spec(£/) ^A M, where k! is a finite extension of k. Thus, U -A can be written as a composition 

U —> Spec k' -A Ai$. That means there exists some triple (Aj-i, A &) such that (Ajj, lu,X u) is the 
constant triple obtained from it by base change through U —>• Spec (k'). Now, by Proposition [52l the 
triple (Afc/, tfc/, Afc/) can be obtained by Serre’s construction, after passing to a finite extension k" 
of k'. By replacing the etale neighbourhood ( U,u ) of s with a smaller one, we can assume k" = k!. 
Then (Ay,i v ,\y) ~ (M, h) ® (Aq,lq, A 0 ) for some (M, h) G Rerm n (0 K ), (A 0 ,i.o,A 0 ) G M\(k'). 
Therefore (Au,iu,Xu) — ( M,h ) <g) (A ou , i ou , \ ou ), where (A ou , t ou , X ou ) G M\(U) is the triple 
obtained from (Aq. lq. Ao) by base change along U -A Spec(fc'). □ 

Proposition [53] says if S is locally noetherian over a finite extension of L, each triple (A, t, A) G 
A4$(S) can be obtained etale locally on the base S by Serre’s construction. In the next section this 
is generalized to any locally noetherian S over Spec0 A , and interpreted in terms of stacks on the 
big etale site (Sch /o L )et- 

3.4. Stackification. In this section we will assume that ,A4$(C) is non-empty. In Theorem 1501 we 
showed that this is almost always the case. In particular that means A4|,(Spec Ol 0 ) is non-empty 
for some number field Lq. 

We recall some of the constructions from §2. The 2-group Hermi (0/r) acts on Herm u {Ok) via 
ordinary tensor product. It also acts fibrewise on (Definition l25j) . as a category fibred in 
groupoids over Sch /q l . Let T denote the tensor product of Herm n (0fc) and M.\ over Hermi (O^), 
i.e. T = Herm u (Ok) ® Her mi (0 K ) in the notation of §2. We then have a functor T —> Sch iq l 
coming from the factor. 

Lemma 54. The category T is fibred in groupoids over Sch/o t . 

Proof. We apply Proposition[29]to deduce this, for which we need to show the action of Hermi (Ok) 
on is free on objects (Definition 12711) . and that T is left-cancellative over Sch/o L (Definition 

[271). 

For (a, a) and (b, (5) in Hermi (Ok) and (A, l. A) G A4$(S), suppose (a, a)(g>(A, l. A) is isomorphic 
to (b, /3) ( 8 ) (A, l, A). We claim (a, a) ~ (b,/3). By considering a ®o K A ~ b <S>o K A on A-valued 
points we get a ~ b, so without loss we can assume a = b. An isomorphism (a, a) <g> (A, i, A) ~ 
(a, f3) <g) (A, i. A) is in particular an 0 A -linear automorphism of the abelian scheme a ®o K A, hence 
of the form l a <8> i(r) for some r G Ok x ■ To be an isomorphism of triples it must satisfy 

«®A = (1 0 (g> i(r)) v o (/3 <g> A) o (1 0 <8) t(r)) = (/3 <g) A) o (1 <g) t(r a r) = fi <S> ( Ao i(r a r)) = (r a r ■ ft) <g> A, 

which implies rr a ■ /3 = a. In that case the map p r : a —> a, x H > rx gives an isomorphism 
(a, a) — (a, (5). This shows the action of Hermi (Ok) on M.\ is free on objects. 

To show T is left-cancellative with respect to Sch/o t , consider the functor T -A A4$ over 
Sch/o L induced by the Serre tensor construction, which over the fibres Ts coincides with We 
first show this functor is faithful. By Proposition [36] it is fully faithful on each fibre. Now suppose 
a : T —> S is a morphism in Sch iq l , and £i, £2 are maps (M, h) Kl (A, 1 , A) -A (N, k) Kl (B,j, p) in 
T lying over a, which are mapped to the same morphism in A4J. Any such map factors through 
P = l(jv,fc) E Pt ■ (N,k) IS (B T ,j T ,p T ) -a (N,k) S (B,j,n), where p T : (B t ,Jt,Pt) -a (B,j,/j.) is 
the base change map in M\,. Then £1 = P o 771, £2 = P ° 772? for morphisms 771 , 772 lying over 1 r- 
The image of l(jv,fc) ^ Pt under T -A A4 J is the base change map in A4J, so it is in particular 
strongly cartesian. That implies Sr( 771 ) = Sr( 7 ? 2 ), which implies 771 = 772 , since Sr is faithful. This 
shows T —> is also faithful. Now, since A4J is fibred in groupoids over Sch/ 0i , by Lemma PHI 

it is left-cancellative over Sch /o L - Then T is also left-cancellative over Sch jQ h , by faithfulness of 
T -A Thus by Proposition [221 T is also fibred in groupoids over Sch/ 0i . □ 
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We may identify T with a functor Sch/^ — >• (Groupoids) that assigns to each S £ Sch iq l 
the tensor product of groupoids Herm n (0A) < 8 >Hermi(c>K) M${S). By Proposition EH1 for each 
S £ Sch/ 0 ;j the functor E 5 : T(S) —> Ail{S) is fully faithful. Since T is fibred in groupoids over 
Sch/^ L , the functor T —> Ai r f induced by the Serre construction is also fully faithful. 

We define Herm n (0^) < 8 > M\ to be the stack associated to the presheaf T on the big etale site 
over Speedy- Here we have suppressed the subscript Hermi(Ox) from the notation to differentiate 
it from T. Since the functor T — > M l is fully faithful and AtI is a stack, the presheaf T is already 
separated. It follows that Herm n ((9A) (g> is obtained from T by one application of the plus 
construction. In other words, (Herm n (C>A) < 8 > •M$)(S) consists of descent data relative to etale 
coverings of S, with the appropriate morphisms m Ch. 3, Lemma 3.2], 

We thus obtain a commutative diagram of categories fibred in groupoids 


(A) 


Sheafification 


Herm n (e> A -) < 8 > M\ 



Serre construction 


Ml, 


where E is the functor induced by the universal property of sheafication. 

Our results so far can be summarized as follows: the functor E in the diagram (A) identifies 
Herm n (0A) < 8 > Ml with a full subcategory of Ml ■ Furthermore, when S is locally noetherian over 
a finite extension of L, the induced functor (Herm n (0Ar) ®Ml)(S) —>• A JJ(S) is an equivalence of 
categories, by Proposition [53l The fact that Ail is etale over Spec0L allows us to extend this to 
characteristic p. 


Proposition 55. Let S = Spec {k) for k a perfect field of characteristic p. 
induces an equivalence of categories on the fibre over S. 


The functor E in ( A ) 


Proof. Let Wk be the ring of Witt vectors of k, with fraction field Wk\p~ 1 ]. Since Ail is smooth, 
an object (Ho, lq, Ao) £ Ml(k) lifts to {A, t, A) £ Ml(Wk). By Proposition l52l after base changing 
to a finite extension F of W]~\p~ l ], we have an isomorphism (Ap, ip, \f) — ( M,h) <g) (B, j,p) for 
some £ Ai$(F), and ( M,h ) £ Herm„((!?A)- Since B has CM, after possibly enlarging F 

again it has good reduction, and its Neron model S3 over Op is an abelian scheme [24j . 

By the Neron mapping property, the action of Op and the polarization p also lift to 38, so we 
have a triple {38, jgg, pgg) £ A{\{Of), and we can form (M, h ) ®o K {38,3SS-, hss) € MI(Of). Now it 
is easy to verify that Serre’s construction commutes with taking Neron models, so M ®o K 38 is the 
Neron model of M ®o K B. On the other hand, the base change si of A to SpecC?F is also a Neron 
model for its generic fibre, which is again M ®o K B, so we have si ~ M ®o K 38 by uniqueness of 
the model, which implies {si, lo f , A o F ) — (M, h ) <g> {38,jg§, pgg) by the mapping property. 

Let k! denote the residue field of Of, a finite extension of k. The isomorphism {si, to F , A o F ) — 
(M, h)®{38, j, p) reduces modulo the prime of Of to an isomorphism {A 1 , 1 !, A') ~ (M, h)®{B’, j' , p') 
over k!. Since {A', t', \ r ) is the base change of (Ho, to, Ao) to k!, we have shown that an arbitrary triple 
(Ho,tO)^o) S Ail{k) arises from Serre’s construction after passing to an etale cover Spec(L') —>• 
Spec(fc). Thus on the fibre over Spec(L) the functor E is essentially surjective, and being fully 
faithful by Proposition 1361 is an equivalence of categories. □ 


We can now prove the main theorem. 

Theorem 56. If Ad^(C) / 0, the functor E : Herm n (C>A') <8> M% —> Ail is an isomorphism of 
stacks. 


Proof. We will prove this by showing that E induces equivalences of categories on the stalks of the 
geometric points of the big etale site on Spec(Oi). By definition these are the geometric points 
s —>• S, where S' is a scheme locally of finite type over Spec(C ) A)- Since Ol is a Jacobson ring, 
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it’s enough to only consider geometric points s — > S having image s G S lying over a closed point 
t G Spec(0L) pH II, Remark 2.17(b)]. In that case since S is locally of finite type, s G S is closed 
and k(t) C k(s ) is a finite extension. As k(t ) is a finite field, k(s) is perfect, and in particular 
Proposition [55] applies to k = k(s). 

Let (A, i. A) G A4^(S) be a triple corresponding to a morphism S —> AdJ and suppose s —> S is 
a geometric point whose image s G S is closed, with k(s) perfect. We want to show there exists a 
finite etale morphism U —> S through which s -A 5 factors, such that the base change (Ajj, ljj, A u) 
of (A, l, A) to U is obtained by the Serre construction. 

Let (A s , l s , X s ) G AdJ(A;(s)) denote the fibre of (A, i. A) over s, which corresponds to the compo¬ 
sition Spec k(s) —> S —> AdJ. By Proposition [55] there exists a finite extension k! of k(s) contained 
in k(s), such that the base change (A s >, i s i, X s >) of (A s ,l s ,X s ) to s' = Spec(A;') is isomorphic to 
(M,h) (8> (B 0 ,j 0 ,Ho) for some (M, h) G Herm n (0 K ) and (Ro,Jo,/a 0 ) G Ad|,(fc(s / )). 

Now, let S( M j j) : —> AdJ be the morphism of stacks over Spec(Oi) given on sections by 

i-a (M, h) < 8 > (B,j,n). Let S' = S x M n M\. We have a commutative diagram, 


£ 

S(M,h) 

I 

n 

where (A, i. A) and (Bo,jo, //o) label their corresponding morphisms into AdJ and Ad^, respectively. 

By the universal property of the fibre product, for any morphism U —)• S, the base change 
triple (Aij,luiXij) arises from Serre’s construction with ( M,h ), if and only if the map U —> S 
factors through S' -A S. Thus Spec(fc') —>• S factors as in the diagram, since (A s i,l s i,X 8 >) — 
( M,h ) <g> (Bo, jo, no). We wish to find a finite etale morphism of schemes U —> S, which factors 
through S' -A S, and through which s —> S factors. The former condition means that (Ajj, ljj, Xu) 
arises from Serre’s construction with (M,h), and the latter that U —>■ S is an etale neighbourhood 
of s -A S. We claim that S' —> S itself is an etale morphism of schemes, so that we can take U = S'. 

We first note that StM,h) '■ Ad^ -A Ad’| is etale, proper, and representable by algebraic spaces. 
Indeed, by Theorem [551 the stacks AdJ and M.\ are etale and proper over Spec(Oi), so any Di¬ 
morphism Adjj) is etale and proper. The morphism is a l so representable by algebraic 

spaces, because tensoring with (M, h) is a faithful functor M\(T) -a Ad ? J,(T) for any T G (Sch/ 0i ). 
It follows that S' ^ S is an etale and proper morphism of algebraic spaces. Now any separated and 
locally quasi-finite morphism of algebraic spaces, in particular S' -A S, is representable by schemes. 
Then since S itself is a scheme, so is S'. 

Then if U = S', and u is the composition s -A Spec(fc') -A S', we have the desired etale 
neighbourhood (u, U) of s —> S. In other words, we have shown that for every triple (A, t, X) G 
AdJ(5), and every geometric point s —> S whose image s G S is closed, there exists an etale 
neighbourhood of s -A S such that the triple (Au,lu,Xu) obtained by base change is in the 
essential image of £[/. Hence S induces an essentially surjective functor on the etale stalks 
at s —> S. Since £ is fully faithful by Proposition [36] is an equivalence of categories. As the 
points ~s —^ S form a very dense subset of all geometric points of the big etale site over SpecDg, it 
follows that £ is an isomorphism of etale sheaves, hence an isomorphism of stacks. □ 

To prevent language from obscuring content, we restate the results in plainer terms below. 
Theorem 57. Let S be a connected locally noetherian scheme over SpecDg. 



M 


' 

Ad 
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(a) For every object (A,t, A) of A4$(S), and every point s G S, there exists an etale neighbour¬ 
hood U —y S of s, as well as objects (. M,h ) € Herm n (0p), (Aq,lo,^o) € M\(U), such that 
there is an isomorphism of triples 

(Au, Ay) —» (M, /i) < 8 >o x (A 0 , to, Ao)- 

(b) For a morphism <t> : (A, l, A) —y (B,j,y) of Ni^(S), let {Ui -A S}ipj be a cover of S by etale 
morphisms such that, as in (a), there are isomorphisms 

: {Aui, I'UiAui) ^ (Mi,hi) 0 (Ai,ti,Xi), ip'i : (B Ut , j Vi , nu t ) —> ( N i, h) 0 (Bi,ji, Aj). 

T/ien i/iere exist (a,,a,;) € Hermi(Op), where a* = Homo^ (Aj, 5j), and isomorphisms 

fi • (Mi , hi) y (Ni, hi) ®Ok ( , &i), 4*1 • , H, Aj) ^ (dj , Oj ) ® ( Bi, Ji, Hi), 

such that ijjf 1 o (f o ipi = Ui o (fi <g) tff) for each i G I, and w* is a canonical isomorphism 

((Ni, ki) ® 0k (a*, a*)) <8> ((a) 7 , a) 7 ) <g) (Aj,tj, Aj)) ^A (-/Vj,^) <8> (Aj,tj, Aj). 

3.5. A simple example. We give an example with elliptic curves. Let ( K , <I>) consist of a quadratic 
imaginary number field K and an embedding J( C C. Let H be the Hilbert class field of K, and E 
an elliptic curve with CM by Op, defined over H. Let F be a quadratic extension of H , and put 
A = Res|)Ep. Then Ap ~ Ep x Ep ~ Op 2 ®o K Ef- We claim A itself is not isomorphic to any 
M ®o K E' over H. 

Assume A ~ M ®o K E 1 ■ Since E' is also an elliptic curve with CM by Op (defined over 
H), it follows that E' ~ E T for some r € Gal(5/A). Then by the main theorem of complex 
multiplication, E' ~ a ®o K E f° r a fractional ideal a C K. Letting M a = M <S>o K a we have 
A ~ M ®o K ( a ®O k E) — M a ®Ok E. Then Ap ~ M a ®o K Ef — Op 2 ®o K Ep, which implies 
M a ~ Op 2 , and A ~ Op 2 ®o K E = E x E. But E x E is not isomorphic to Res pE, so we reach a 
contradiction. 

To translate into triples, fix i : Op -A End(5), and let A be the canonical Op-linear principal 
polarization on E. The action of the non-trivial element of Gal(E/iL) on Ap ~ Ep x Ep is the 
flip automorphism that switches the two factors. The product polarization \p x Xp on Ep x Ep 
commutes with this automorphism, so descends to a polarization Ao on A, which is principal and 
Op-linear. Likewise, the action of Op on Ep x Ep descends to an action to : Op -A End(A). Hence, 
(A, to, Ao) is an object of M.\(H). We have seen that A does not arise from the Serre construction, 
and so (A, to,Ao) is not in the essential image of the functor Es pe c H- But once base changed to 
F, the triple (Ap, to,F, Ao,f) £ M.\(F ) does lie in the essential image of Ss pec F- Specifically, it 
is isomorphic to (Op 2 ,h) (g> (Ep, if, Ap), where h : Op 2 -A (Op 2 ) v corresponds to the standard 
hermitian form H : Op 2 x Op 2 —> Op, given by H((xi,X 2 ), (yi,V 2 )) = Uixf + y^x^- 

The above example shows why the functor S i-a Hern^Op) < 8 >Hermi (Ok) -Ad^S) has to be 
sheafified. The object (A, to,Ao) £ M.%(H) arises only etale locally from the Serre construction, 
after passing to the surjective etale cover SpecE -A Spec Fi. In other words, A is obtained by a 
non-trivial gluing of two copies of M ®o K E, with M = Op 2 , along the self-intersection of the 
etale neighbourhood SpecE -A Spec H. The automorphism of M ®o K Ef used in the gluing is the 
coordinate flip map of Op 2 . Since this automorphism comes from M and not E, the same gluing can 
not be performed on two copies of E. Thus sheafifying the functor S eA Herm n (0p) <S>o K -Ad^(5) 
accounts for those triples that can be constructed etale locally via automorphisms of the objects 
(M,h) £ Herm n (Op). 


Final Remarks 

The results of §1, in particular Theorem [T7] and Proposition fl8l are more general than the 
particular use we’ve made of them. They may have further applications, for instance to moduli 
spaces of abelian schemes with action by an order in a quaternion algebra. 
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Since Serre’s construction commutes with base change, Proposition [52] allows a description of 

the action of Aut(C) on by relating it to the description of the action on given by the 

theory of complex multiplication [2, appx A]. We hope to further explore this in another article. 

References 

[1] H. Braun and M. Koecher. Jordan-Algebren, volume 128 of Die Grundlehren Der Mathematischen Wissenschaften 
In Einzeldarstellungen. Springer-Verlag, 1966. 

[2] Ching-Li Chai, Brian Conrad, and Frans Oort. Complex multiplication and lifting problems, volume 195 of 
Mathematical Surveys and Monographs. American Mathematical Society, Providence, RI, 2014. 

[3] P. E. Conner and J. Hurrelbrink. Class number parity, volume 8 of Series in Pure Mathematics. World Scientific 
Publishing Co., Singapore, 1988. 

[4] Brian Conrad. Gross-Zagier revisited. In Heegner points and Rankin L-series, volume 49 of Math. Sci. Res. Inst. 
Publ., pages 67-163. Cambridge Univ. Press, Cambridge, 2004. With an appendix by W. R. Mann. 

[5] P. Deligne. Categories tannakiennes. In The Grothendieck Festschrift, Vol. II, volume 87 of Progr. Math., pages 
111-195. Birkhauser Boston, Boston, MA, 1990. 

[6] Gerd Faltings and Ching-Li Chai. Degeneration of abelian varieties, volume 22 of Ergebnisse der Mathematik 
und ihrer Grenzgebiete (3) [Results in Mathematics and Related Areas (3)]. Springer-Verlag, Berlin, 1990. With 
an appendix by David Mumford. 

[7] Daniel Grayson. Higher algebraic A'-theory. II (after Daniel Quillen). In Algebraic K-theory (Proc. Conf., North¬ 
western Univ., Evanston, III., 1976), pages 217-240. Lecture Notes in Math., Vol. 551. Springer, Berlin, 1976. 

[8] A. Grothendieck and M. Demazure. Schemas en groupes (SCA 3). Tome I. Proprietes generates des schemas 
en groupes. Documents Mathematiques (Paris) [Mathematical Documents (Paris)], 7. Societe Mathematique de 
France, Paris, 2011. Seminaire de Geometrie Algebrique du Bois Marie 1962-64. [Algebraic Geometry Seminar 
of Bois Marie 1962-64], A seminar directed by M. Demazure and A. Grothendieck with the collaboration of M. 
Artin, J.-E. Bertin, P. Gabriel, M. Raynaud and J-P. Serre, Revised and annotated edition of the 1970 French 
original. 

[9] Benjamin Howard. Complex multiplication cycles and Kudla-Rapoport divisors ii. pre-print, 1303.0547. 

[10] Benjamin Howard. Complex multiplication cycles and Kudla-Rapoport divisors. Ann. of Math. (2), 176(2):1097- 
1171, 2012. 

[11] S. Kudla and M. Rapoport. Special Cycles on Unitary Shimura Varieties II: Global Theory. arXiv:0912.3758vl, 
2009. 

[12] Stephen Kudla and Michael Rapoport. Special cycles on unitary Shimura varieties I. Unramified local theory. 
Invent. Math., 184(3):629-682, 2011. 

[13] Kai-Wen Lan. Arithmetic compactifications of PEL-type Shimura varieties, volume 36 of London Mathematical 
Society Monographs Series. Princeton University Press, Princeton, NJ, 2013. 

[14] Gerard Laumon and Laurent Moret-Bailly. Champs algebriques, volume 39 of Ergebnisse der Mathematik und 
ihrer Grenzgebiete. 3. Folge. A Series of Modern Surveys in Mathematics [Results in Mathematics and Related 
Areas. 3rd Series. A Series of Modern Surveys in Mathematics]. Springer-Verlag, Berlin, 2000. 

[15] Kristin Lauter. The maximum or minimum number of rational points on genus three curves over finite fields. 
Compositio Math., 134(1):87-111, 2002. With an appendix by Jean-Pierre Serre. 

[16] Saunders Mac Lane. Categories for the working mathematician, volume 5 of Graduate Texts in Mathematics. 
Springer-Verlag, New York, second edition, 1998. 

[17] Kevin McCrimmon. A taste of Jordan algebras. Universitext. Springer-Verlag, New York, 2004. 

[18] James S. Milne. Etale cohomology, volume 33 of Princeton Mathematical Series. Princeton University Press, 
Princeton, N.J., 1980. 

[19] D. Mumford, J. Fogarty, and F. Kirwan. Geometric invariant theory, volume 34 of Ergebnisse der Mathematik 
und ihrer Grenzgebiete (2) [Results in Mathematics and Related Areas (2)]. Springer-Verlag, Berlin, third edition, 
1994. 

[20] David Mumford. Abelian varieties, volume 5 of Tata Institute of Fundamental Research Studies in Mathematics. 
Published for the Tata Institute of Fundamental Research, Bombay, 2008. With appendices by C. P. Ramanujam 
and Yuri Manin, Corrected reprint of the second (1974) edition. 

[21] Georgios Pappas. On the arithmetic moduli schemes of PEL Shimura varieties. J. Algebraic Geom., 9(3):577-605, 

2000 . 

[22] M. Rapoport. Compactifications de l’espace de modules de Hilbert-Blumenthal. Compositio Math., 36(3):255- 
335, 1978. 

[23] Neantro Saavedra Rivano. Categories Tannakiennes. Lecture Notes in Mathematics, Vol. 265. Springer-Verlag, 
Berlin, 1972. 

[24] Jean-Pierre Serre and John Tate. Good reduction of abelian varieties. Ann. of Math. (2), 88:492-517, 1968. 


SERRE’S TENSOR CONSTRUCTION AND MODULI OF ABELIAN SCHEMES 


49 


[25] Goro Shimura. Abelian varieties with complex multiplication and modular functions, volume 46 of Princeton 
Mathematical Series. Princeton University Press, Princeton, NJ, 1998. 

[26] D. Tanrbara. A duality for modules over monoidal categories of representations of semisimple Hopf algebras. J. 
Algebra, 241(2):515-547, 2001. 

[27] Charles A. Weibel. The K-book, volume 145 of Graduate Studies in Mathematics. American Mathematical Society, 
Providence, RI, 2013. An introduction to algebraic A'-theory. 



